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DAMPING OF VIBRATIONS OF TRE BLADING 
OF AN OPERATING TURBINE 

J. L. Deschamps 

ABSTRACT 

An attempt t o  provide a r a t iona l  explanation of some 
r e s u l t s  obtained from wind-tunnel experiments on turbine 
blading. A d i s t r ibu t ion  of aerodynamic s i n g u l a r i t i e s ,  char- 
a c t e r i s t i c  of the s t a b i l i t y  of a viscous flow, suppl ies  the 
aerodynamic forces  i n  a system of blading, s t a r t i n g  from the 
ve loc i ty  dTagram. The method of concentrated masses makes 
it possible t o  express' the  mechanical forces  developed dur- 
ing vibrat ion.  The t rans ien t  aerodynamic regime f ea tu res  a 
cyc l ica l  deformation of the ve loc i ty  diagram, 'which modifies 
the expression f o r  the c i rcu la t ion  i n  the s teady-state  re-  
gime. With the  a l t e rna te  detachments and reattachments a t  
the p r o f i l e  points,  a supplementary term appears which can, 
i n  agreement with ce r t a in  experimental r e su l t s ,  change the 
s ign of the damping coef f ic ien t .  

Synopsis 

This paper may not appear t o  have any pa r t i cu la r ly  remarkable s c i e n t i f i c  
charac te r  f o r  the informed reader.  It did r e s u l t  a s  a p laus ib le  explanation 
of some wind-tunnel experiments f o r  which no sa t i s f ac to ry  in t e rp re t a t ion  was 
found immediately. Other work w i l l  c e r t a in ly  have t o  be carr ied out  t o  es tab-  
l i s h  the r e l a t i o n  between t h i s  r e s u l t  and ce r t a in  surpr is ing experiences which 
indus t ry  has encountered occasionally on the subject  of vibrat ions in' turbines .  
However, it may s t i l l  be of i n t e r e s t  t o  attempt such a synthesis  i n  regard t o  
a problem which i s  general ly  t rea ted  i n  i t s  separate elements, 

'The s ix  chapters of t h i s  study are organized a s  follows: 

Chapter 1 expounds the e s s e n t i a l  p r inc ip les  and gives a conclusion; 

Chapter 2 describes the mathematical model selected t o  symbolize the 
flow of f l u i d  i n  axial-flow turbines;  

Chapter 3 i s  an ana lys i s  of the forces  generated within the  blading of a 
turbine; 
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Chapter 4 contains an approach t o  the  solut ion of the equations s t a t ed  i n  
the preceding chapters; 

Chapter 5 out l ines ,  from the general solut ions obtained, the mathematical 
form of the damping where the parameters a re  the s t a t e  of the gas, the 
geometry of the blading, and time; 

Chapter 6 i s  the numerical appl icat ion t o  a pa r t i cu la r  case a c t u a l l y  ex- 
perimented and epecifles t o  what extent the proposed theory represents  the 
observed phenomena. 



NOTATIONS 

(Given i n  order of appearance i n  t ex t )  

Y 

z 

a 

n 

2 N + 1  

, 
Theoretical  p o t e n t i a l  function representing flow i n  blading developed 

along the  plane xOy ( f i g .  1). 

C u r l  of t he  ve loc i ty  vector around a blade p r o f i l e .  

Complex a f f i x  X - i Y  ( f ig .  2). 

Developed blade p i t c h  or dis tance between two consecutive vor t ices .  

Relative ve loc i ty  a t  blade intake.  

Relative ve loc i ty  a t  blade discharge. - w +iq 
(geometric) mean 

2 

(W,, oy) angle ( f i g s .  4, 5,  6) .  

Order number of a vortex counted pos i t i ve ly  from Oy ( f i g .  2) .  

Number of developed blades. 

. 

Poten t i a l  function representing flow generated by an i so l a t ed  vortex, @O 

wXO 0 '  

0' 

, Component along Ox of aerodynamic ve loc i ty  deduced from Q 

Component along O y  of aerodynamic ve loc i ty  deduced from Q W 

r Polar  rad ius  i n  XOY coordinates. 
.YO 

e Polar  azimuth i n  XOY coordinates. 

Approximate p o t e n t i a l  function representing flow i n  the  developed 
blading. 

@S 

Z Function of z defined by the equation 



hO 

0 a 

it 

m 

v1 

Jr 

A 

9 

mS 

a 
- 
F 

Vectorial  modulus defined by equation 

z r  A=--. 
r -  

Scalar  defined by the re la t ion  

Scalar  defined by the r e l a t ion  

a, = cos 12 h cos (0 - a) (. 

Scalar  defined by the r e l a t ion  

4 = sin 2 h - cos (0 - a) 1. 

Component along OX of aerodynamic ve loc i ty  deduced from Qs. 

Component along OY of aerodynamic ve loc i ty  deduced from as. 

Inc l ina t ion  of absolute veloci ty  a t  intake along axis  of turbine.  

Inc l ina t ion  of r e l a t i v e  veloci ty  W1 ( theo re t i ca l ly  a t  i n f i n i t y  up- 
stream) along ax is  of turbine,  

Absolute aerodynamic veloci ty  a t  intake ( theo re t i ca l ly  a t  i n f i n i t y  
upstream). 

Deviation of flow due t o  blades. 

Angle defined by one of the  rg l a t ions  

A = arc cos a,, = arc sin 6,. 

Flow volume of f l u i d  i n  blading channel const i tuted by two consecu- 
t i v e  blades.  

Specif ic  weight of f lu id .  

Height of blade (distance along Ox between bottom and top  of b lade) .  

Aerodynamic force applied t o  blade. 

Component of F along oy. 

Component of F along OU. 

4 



. e  

w 

YP 

ad 

P 
e 

Cd 

Re 

Width of r o t o r  taken p a r a l l e l  

Frequency of blade vibrat ion.  

t c  Ou axis .  

Pseudo-amplitude of r e a l  blade v ibra t ion  (assumed t o  vary slowly i n  
t ime) ,  

Mean duration of s t a y  of f l u i d  molecule i n  blading, 

Distance from point  of detachment t o  t i p  of p ro f i l e .  

Angular spread between W2 and the tangent t o  the ex te r io r  blade 

Chord of blade p ro f i l e  a t  p rof i le  t i p .  

Reynolds number defined by Re 

curve. 

wdd i f  Re i s  independent of T, or  
V 

by Re =: wdh if Re depends on T. 
V 

Hydraulic diameter defined by 

Kinematic v iscos i ty .  

Function of Reynolds number Re. 

Phaseshif t  between blade o s c i l l a t i o n  and exc i t a t ion  by the f l u i d  

9; 

(negative and grea te r  than -goo).  

E l a s t i c  modulus of metal u t i l i z e d  f o r  blades. 

Moment of i n e r t i a  of the s t r a igh t  sec t ion  of the blade (assumed 
a s  constant) .  

Function of x and of t i m e  t obtained from the product of a funct ion 

Function of x defining the form of the e i a s t i c  l i n e  a t  a given 

of x ,  f ( x )  and of  a function of t, h ( t ) .  

i n s t a n t  t . 
Function Qf time def ining o s c i l l a t i o n  of a point  of the  e l a s t i c  

l i n e  of abscissa  x. 

Constant introduced by separation of the var iables  x and t according 
t o  f (x)  and h ( t ) .  

Radius along which blades an? mounted (blade bottom). 

.5 
/ 



- 9' Order number of the concentrated mass of the t o t a l  blade mass a t  
severa l  points  of the e l a s t i c  l i n e  where the  number 2 n '  + 1 may 
increase a s  a function of the degree of precis ion desired i n ' t h e  
evaluation of the e l a s t i c  forces .  

n f  Whole number whose def in i t ion  r e s u l t s  from t h a t  of 9'. 

O r  

Nm 

U Intermediate grouping defined by 

Frequency of the  ro t a t ion  of turbine.  

Rate of  ro t a t ion  of turbine i n  revolutions per second. 

k 

P 

M 

uu, 
F 

F 
YO 

Y l  

YO 

NP 

a 

b 

Constant re la ted  t o  K by 

Weight of blade. 

Mach number. 

Aerodynamic moment i n  the axeq yOx. 

Component of F 

Component of F which i s  a function of time, 

Component of y independent of time. 

independent of time. Y 

Y 

Amplitude of the  a l t e rna te  component of y .  

Angle formed by the  vector radius vn and the tangent a t  the poin t  of 
order n. 

Angle formed by the  vector radius v, and the  tangent a t  the point  of 

Natural frequency of each cascade blade 
i n  the absence of aerodynamic forces .  

order n - 1. 

. 

Coefficient of the term for vibratory i n e r t i a .  

Coefficient of the term f o r  vibratory damping. 

C Coeff ic ient  of the term f o r  vibratory elongation. 



. d  

f 

NO 

0 
w 

b2 

Nb 

wXC 

i 

Constant term of the vibratory equation. 

Coefficient of i n t e rac t ion  (or  influence) between the vibratory am- 
p l i tudes  of two adjacent blades. 

Coefficient of the  term f o r  se l f -exc i ta t ion  of the f l u i d .  

Number of blades; according to  a preceding notation, . 
4; 

* No = 2 N + 1. 

Natural frequency of each cascade blade' i n  the absence of 
aerodynamic forces .  

Stray-exci ta t ion frequency. 

Component of b which i s  a function of the incident  r e l a t i v e  
velocity.  

Component of b which i s  independent of the incident  r e l a t i v e  
veloci ty .  

Character is t ic  damping of the material .  

Apparent damping i n  the absence of detachment. 

Coefficients of integrat ion.  

M a x i m u m  r e l a t i v e  t o  y a t  ins tan t  t. 

Angle formed by the tangent t o  the p r o f i l e  and the tangent t o  the  
frame a t  the p ro f i l e  t i p ,  

Pressure number .' 
I n  contrast  t o  Wx, t h i s  designates a reference ve loc i ty  i n  the 

calculat ions of Chapter 6. 

Notation adopted by the researchers t o  designate J r .  

7 



:signates,  i n  Chapter 6, the ang,? formed w i t ,  the  ax is  o r  by the 
r e l a t i v e  .veloci ty~ a t  the blade discharge (notat ion derived from 
experimentation) . 

Notation adopted by the researchers t o  designate m. % 
a V  True damping. 

I 



CEIAPTER 1. GENERAL REMARKS 

I n  1959, it was s t a t ed  i n  reference 3 t h a t  the damping oF'ae~s8ynamie h* 
vibrat ions was s t i l l  i n su f f i c i en t ly  understood and t h a t  more research would 
be required t o  improve our knowledge of the subject .  Nevertheless, investiga- 

as exempt from detachment (refs. 9 ,  18, 33), or  by introducing v o r t i c a l  s in-  
g u l a r i t i e s  ( r e f s .  38, 40) and by out l ining a mechanism of the in te rvent ion  of 
detachments ( r e f .  40) have shown t h a t  such research would have t o  go beyond 
the case of combined flexure and tors ion  which was ca re fu l ly  invest igated i n  
regard t o  a i r f o i l s  ( r e f s .  23, 44). Incompletely explained f a c t s  ( r e f s .  1, 13, 
16) did furn ish  some experimental support. Since 1959, ideas r e l a t ed  t o  those 
developed below have been experimented ( r e f s .  21, 49) and the question of 
coupling between blades wa.s reexamined ( r e f ,  19). 

I t i o n s  p r i o r  t o  1959 by e i t h e r  considering the f l u i d s  as nonviscous and the flow 

We know t h a t  the use of a d i s t r ibu t ion  of aerodynamic s i n g u l a r i t i e s  makes 
it possible  i n  a general  manner t o  describe f l u i d  flow i n  the blading of a 
turbine ( r e f s .  30, 32, 36, 37, 45, 48). This method was adapted t o  the  spe- 
c i f i c  problem of the evaluat ion of aerodynamic s t r e s s e s  i n  steady s t a t e  on 
the b a s i s  of the ye loc i ty  diagram schematically representing the  operat ional  
behavior of the blading under consideration. 

Regarding evaluation of the mechanical s t r e s ses ,  t h i s  i s  l imited t o  
bending s t r e s s ,  where the method of concentrated mass has been adopted which 
makes it possible t o  solve the problems s t r i c t l y .  Provided a d i s t r i b u t i o n  of 
mass of su f f i c i en t ly  la rge  number i s  selected,  it i s  possible t o  account f o r  
the cen t r i fuga l  forces,  the i n e r t i a l  forces,  and the e l a s t i c  react ions devel- 
oped simultaneously during the vibratory behavior of the  blading ( r e f s .  23, 43). 

1.1 Inves t iga t ion  of Damping Without Aerodynamic Detachment 

Spec i f ica l ly ,  the  ana ly t ic  representation of flow is  bidimensional and 
constructed by means of a family of ident ica l  vor t ices  each centered on a 
cascade p r o f i l e  adjusted i n  conformity with the datum of the ve loc i ty  diagram. 
The elementary vortex of t h i s  family is numerically characterized by the /6 
expression of the c i r cu la t iop  y of the ve loc i ty  vector around the respect ive 
p r o f i l e  a s  a funct ion of 

(1) the cascade p i t c h  T ;  4 

*Numbers given i n  margin ind ica te  pagination i n  o r i g i n a l  foreign t e x t ,  

3 
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(2) the angle of i nc l ina t ion  Q: i n  r e l a t i o n  t o  the  cascade with the 
geometric mean Wm'of the r e l a t i v e  ve loc i t ies  a t  i n f i n i t y  both upstream and 
downstream; 

(3) the spec i f i c  weight of the f l u i d  m,; 

(4) the expansion (or  compression) Ap across the cascade 

This emphasizes the predominant role of the v iscos i ty  forces  which gener- 
a t e  c i r cu la t ion  within the  boundary layer.  The appl icat ion of the f i l e r  
theorem t o  the datum of the veloci ty  diagram makes it possible,  moreover, t o  
reproduce the r e s u l t s  obtained by the Blasius in tegra t ion  and confirms t h a t  
the combined vor t ices  a re  taken i n t o  account while neglecting the influence of 
the f r e e  vort ices  released i n  the wake of the  p ro f i l e s ,  i.e., t h a t  the aero- 
dynamic problem i s  t rea ted  f o r  i n f i n i t e l y  long blades. 

By admitting the d i f f e r e n t  approximations above as a whole, we then con- 
t inue  from formulation of an equation f o r  steady s t a t e  t o  the formulation of 
an equation f o r  an a l t e rna te  t rans ien t  regime on the following reasoning: 

' ( a )  blade v ibra t ion  i s  expressed by an o s c i l l a t i o n  of the p r o f i l e  i n  
r e l a t i o n  t o  a system of axes (0) linked t o  the turbine rotor ;  

.I 

(b) the absence of detachment implies t h a t  any f l u i d  molecule M reaching 
the leading edge remains i n  contact with the p ro f i l e  and consequently i t s  
ve loc i ty  i n  the system of axes (0) i s  the geometric sum of the p ro f i l e  ve loc i ty  
of flow and veloci ty  of o sc i l l a t ion ;  

( c )  the t r a j e c t o r y  of a molecule M i s  therefore  d i f f e ren t  i n  a l t e r n a t e  
t r a n s i e n t  regimes from t h a t  i n  a steady regime, and everything takes  place 
i n  regard t o  the conditions a t  the l i m i t s  t o  i n f i n i t y  upstream and downstream 
as i f  the angle of f l u i d  deviat ion inducing expansion or  compression, i . e . ,  
the angle a t  the apex Jr  of the velocity diagram, underwent a var ia t ion  AJr whose 
amplitude can be calculated a s  a function of time; 

(d) recourse t o  the cont inui ty  of c i r cu la t ion  y makes it possible t o  ex- 
press ,  on the bas i s  of these considerations, the o s c i l l a t i o n  of y as  a funct ion 
of time from which we can deduce the expression of the  aerodynamic s t r e s s e s  i n  
an a l t e r n a t e  t r ans i en t  regime; when yo designates the mean value of the ci2cula- 

t i o n  y calculated f o r  steady regime, we then use y i n  the form 
- - 



A* i s  expressed as a func t ion  of the  displacement of the p r o f i l e  between t h e  
i n s t a n t  t when t h e  molecule M encounters the  leading edge and the  i n s t a n t  
t -t t d  when it leaves the t r a i l i n g  edge, using a very simple geometric i n f i n i -  
t es imal  ana lys i s  

This supposes t h a t ,  a t  a given in s t an t  t, each molecule pa r t i c ipa t ing  i n  the /7 
cons t i t u t ion  of t he  boundary l aye r  behaves i n  regard t o  the  pressure s t r e s s e s  
on t h e  p r o f i l e  as if it were t o  undergo t h e  f l u i d  aev ia t ion  A j r ( t ,  t + t d )  dur- 
ing i t s  contact  with the  p r o f i l e .  However, a t  t he  i n s t a n t  t + A t ,  c e r t a i n  of 
the molecules ac t ive  a t  the i n s t a n t  t have l o s t  contact with the  p r o f i l e  where- 
as o the r s  are now i n  contact with it, and the  new grouping unanimously behaves 
as i f  each individual were t o  undergo the  devia t ion  A * ( t  + A t ,  t + A t  + t d )  
while it is  i n  contact with the p ro f i l e .  We therefore  adopt the  pos tu l a t e  t h a t  
a l l  the p a r t i c l e s  cons t i tu t ing  t h e  boundary l aye r  a t  a given i n s t a n t  become a 
s o l i d  mass due t o  the ac t ion  of v i scos i ty .  

Admitting f u r t h e r  t h a t  t he  pos i t ion  of the p r o f i l e  i n  r e l a t i o n  t o  the  axes 
(0) can be defined by a sinusoidal  function of time 

g - ( Y ) ~  sin w 1 

where t h e  der iva t ive  d [(y),] i s  l imited upward by a negl ig ib le  quant i ty ,  w e  

proceed by i d e n t i f i c a t i o n  
a t  

and consequently 

where Cd designates the  chord of the  p ro f i l e s .  

W e  f i n a l l y  r e t a i n  the expression of t he  r e s u l t a n t  of t he  aerodynamic 
stresses i n  steady regime i n  t h e  second m e m b e r  of t he  equation f o r  t he  
v ibra t ions .  
the  o s c i l l a t i o n  of t he  aerodynamic r e su l t an t  around i t s  mean value as a func- 

I n  the  f irst  member, we show two terms which toge ther  represent  

t i o n  of y and dy. 

frequency. 

The term i n  y introduces a va r i a t ion  of t he  c h a r a c t e r i s t i c  a t  
The term i n  9 introduces a damping increasing s p e c i f i c a l l y  with a t  

7 
C 

t he  r e l a t i v e  p i t c h  -, a t  the  r a t i o  of s p e c i f i c  weight of t he  f l u i d  and of t h e  

blade ma te r i a l  as w e l l  as with the  mean ve loc i ty  Wm. 
d 

Such an ind ica t ion  of 

ii 



~ 
tendency e n t i r e l y  conforms with experience f o r  cases of s l i g h t  incidence and 
moderate flow ve loc i t i e s .  
cur ren t ly  observed but the orders of magnitude a re  comparable.' This demon- 
s t r a t e s  i n  addi t ion t h a t  ne i ther  the in te rac t ion  between adjacent blades nor 
the cha rac t e r i s t i c  damping of the material  are  predominant. 

The numerical values obtained are  g rea t e r  than those 

1 The ac tua l  inves t iga t ion  of the damping i s  the subject  of Chapter 5 ,  
Chapters 2 and 3 make it possible t o  es tab l i sh  a l og ica l  base of the invest iga-  
t i o n  f o r  the t r ans i en t  regime accordlng t o  I new proe@as which givaa a phyeieal 
meaning t o  the nonuniform po ten t i a l  functions ( r e f s .  4, 12, 20, 47). Chapter 4 
i s  intended t o  show, p r i o r  t o  invest igat ion of the damping, t h a t  the in te rac-  
t i o n  between adjacent blades is  not systematically the cause of i n s t a b i l i t i e s  
(ref. 49). 

1.2 Invest igat ion of Damping i n  the Presence of Aerodynamic Detachment 

' The reasoning explained above applies i n t eg ra l ly ,  with t h i s  difference:  /8 
the  molecule M loses  contact with the p r o f i l e  before reaching the t r a i l i n g  
edge. This thickens the wake and reduces the angle $, consequently the c i rcu la-  
t i o n  y and spec i f i ca l ly  the damping previously demonstrated. 

A .  Steady-state Regime 

The per fec t  detachment can be defined a s  cancel la t ion of the angle $ it- 
s e l f  considered a s  a f i r s t  order i n f i n i t e l y  small angle ( s l i g h t  incidence).  
t h i s  circumstance, the  molecule M e x i t s  from the blading a t  a point  
staggered i n  r e l a t i o n  t o  the p r o f i l e  of a quant i ty  

I n  

(AY) t o t a l  permanent detachment = wU.~. 
COS e, 9 

which i s  an expression i n  which Q1 designates the inc l ina t ion  

of the p r o f i l e  chord i n  r e l a t ion  t o  the cascade's perpendicular 
d i rec t ion .  

The detachment t o  be considered when instead the flow i s  almost pe r f ec t  
i s  one where the molecule M loses  contact with the  p r o f i l e  only a t  a small 
d is tance  ad.from the p ro f i l e  t i p .  It therefore  leaves the blading a t  a point  

staggered i n  r e l a t i o n  t o  the  p ro f i l e  of a quant i ty  
L 

(Ay) p a r t i a l  permanent detachment = ad!!. 
* COS e, 9 . .- 

12 



designating the angle between the r e l a t ive  ve loc i ty  a t  the p r o f i l e  t i p  
(downstream a t  i n f i n i t y ) ,  
r e l a t ive  veloci ty  a t  the point where the molecule M l o ses  contact 
with the p r o f i l e  i n  detached flow. 

as obtained i n  nondetached flow, and the  

We then introduce the turbulence i n  the channel const i tuted by two con- 
secutive blades by wr i t ing  t h a t  the r a t i o  between the two quan t i t i e s  formulated 
above depends only on the Reynolds number assigned t o  the idea of a hydraulic 
diameter % 

W m  Dh Re=-  
Y 

(which allows us t o  introduce the kinematic v i scos i ty  of the f l u i d  v ) .  
then shown t h a t  the  number Re i s  the  product of two quan t i t i e s ,  one of which 
depends only on the ve loc i ty  diagram, on the p ro f i l e  and on the f l u i d  and 
where the other  character izes  the cascsde e f f e c t  ( r e l a t i v e  p i t c h  and elonga- 
t i o n  of the blades).  

It i s  

-b 
We therefore have 

or  

The function dp(Re) depends on the p r o f i l e  form. We propose t o  determine 
t h i s  during wind-tunnel experimentation of the cascade and under permanent flow. 

B. Alternate Transient Regime 

The o s c i l l a t i n g  motion of the blade has a tendency both t o  r ea t t ach  the de- 
tached fl’ow l i n e s  and/or t o  aggrayate the detachment ( r e f s .  38, 40, 49) i n  such 
manner t h a t  the double amplitude of the f l u i d  o s c i l l a t i o n  i s  l e s s  than the blade 
o s c i l l a t i o n  amplitude. A t  l e a s t  approximately, we propose t o  take i n t o  account 
t h i s  phenomenon and, spec i f ica l ly ,  the l o c a l  accelerat ion i n  the f l u i d  a t  the 
points  f o r  which the p r o f i l e  o s c i l l a t i o n  ve loc i ty  i n  r e l a t i o n  t o  the axes (0) 
i s  zero. We w i l l  do so by s t a t i n g  tha t  there  i s  complete cancel la t ion of de- 
tachment when elongation i s  maximum and i n  a d i r ec t ion  opposite t o  the f l u i d  * 
deviat ion,  and where the mean point  of f l u i d  o s c i l l a t i o n  a t  the blading e x i t  
must necessar i ly  beithe point  a t  which the molecule M leaves the blading i n  
p a r t i a l l y  detached steady flow. 

This reasoning and the supplementary hypothesis lead us t o  adopt, i n  order 
t o  define the  o s c i l l a t i o n  of the c i rcu la t ion ,  the expression 



. i n  cont ras t  t o  the  s inusoida l  function 

which def ines  the  o s c i l l a t i o n  of the p ro f i l e  and w a s  u t i l i z e d  t o  express the  
o s c i l l a t i o n  of y i n  t he  absence of detachment. 

F ina l ly ,  i n  the  equation f o r  the  v ibra t ions  and i n  t h e  second member, we- 
show a new term dependent on t i m e  having the  form 

ka *COS w f +- ( 
which may give rise t o  an asymptotic vibration maintained by the f l u i d ,  so 
t h a t  we may observe an apparently negative damping coe f f i c i en t  and, i n  par-  /10 
t i c u l a r ,  a rupture due t o  Glade fa t igue .  
plane wing, it i s  c l ea r  t h a t  the " i n s t a b i l i t i e s , "  which the  preceding formulas 
cannot show except by possible d iscont inui ty  of the  function d ( R e ) ,  correspond 

t o  the generalized loss of l i f t  responsible f o r  t he  s t a l l i n g  i n  a i r c r a f t  (refs. 

By analogy with the  behavior, of a 

P 

1, 28). 

1.3  Results Obtained 

We then s t a t e  t h a t  "for a given flow ve loc i ty  and a t  the  end of an invar i -  
ab le  i n t e r v a l  s t a r t i n g  wi th  the  in s t an t  of re lease  i n t o  the  wind, there  corre- 
spond successively,  t o  increasing values of the incidence, pos i t ive ,  zero, and 
f i n a l l y  negative values of the  damping coef f ic ien t ;  under the  same conditions, 
the  same phenomenon, due t o  the progressive increase of turbulence i n  the  blade 
cascade channels, is produced under constant incidence i f  the  inc ident  ve loc i ty  
i s  increased. I' 

I n  conclusion, the  reader i s  asked t o  remember t h a t  i n  the  f i e l d  of blade 
v ib ra t ion  as w e l l  a s  i n  the b e t t e r  known f l i g h t  mechanics and mechanics of the 
displacement of ob jec ts  on d ry  ground, the  imperceptible r o l e  of f r i c t i o n  de te r -  
mines the t rend of the  observable phenomena.- 

i4 



CFUP'JXR 2. IMTESTIGATION OF FLOW 

2.1 Analytical  Representation 

/11 Figure 1 shows the xyu axes selected f o r  evaluating the s t r e s ses .  
The d i r ec t ion  of the u axis p a r a l l e l  t o  the ax is  of machine ro t a t ion  i s  t h a t  
of the flow. The x ax is  i s  r a d i a l  i n  accordance with the  blade elongation. The 
y ax is  i s  oriented along the tangent ia l  ve loc i ty  of the rotor ;  the t r ihedron 
xyu is  d i r ec t ;  the xy plane i s  t h a t  of the ro to r  and the yu plane i s  a meridian 
plane of 'the machine; the xy and yu axes are  a l s o  d i r e c t .  

I n  developing the r i m  which carr ies  the blades, we  obtain a cascade and a 
plane i n  which we consider, holding cer ta in  r e s t r i c t i o n s ,  t h a t  the bi-dimensional 
flow i s  representat ive of the r e a l  flow, and such a flow can be calculated by 
means of nonuniform aerodynamic poten t ia l  functions i n  symbolizing the cascade 
as  a succession of i den t i ca l  vort ices  each representing a cascade .prof i le .  

The complex plane coincides with the flow plane; the OX ax is  of t h i s  plane 
i s  d i rec ted  i n  accordance with the geometric mean Wm of the r e l a t i v e  ve loc i ty  

a t  the  intake of the blading W1 and of the r e l a t i v e  ve loc i ty  a t  the e x i t  of the 

lx 

\ I '  

\ I '  
'l.' 

': ,/ \ I I 

I 

Figure 1 



I . 

Figure 2 

blading W2. 

Ox; the  axis OY is oriented as  i s  axis O y  so t h a t  the pos i t i ve  d i r e c t i o n  of 
r o t a t i o n  i n  the complex plane i s  t h e  negative d i r e c t i o n  i n  the  plane you. 
ve loc i ty  diagram which cons t i t u t e s  the i n i t i a l  datum i s  inscribed i n  t h i s  
geometric configuration as  indicated i n  f igu re  2. 

The l i n e  of vor t ices  is  inc l ined  a t  the  angle a on the  a x i s  /12 

The 

The corresponding p o t e n t i a l  function is  w r i t t e n  as 

where z 
(y) 

n 

(7) 
2 N i- 1 

i s  the  a f f i x  of the  complex var iab le  X + i Y ;  
i s  the c i r c u l a t i o n  of t he  r e l a t i v e  ve loc i ty  vector around a vortex; 
i s  the  order number of the  vortex counted p o s i t i v e l y  along OY and 
negatively i n  the  inverse direct ion;  
i s  the  d is tance  between two consecutive vor t ices ;  
is t h e  number of p r o f i l e s  of t he  cascade. 

16 



. 2.2 Examination of t h i s  Representation 

A. Examination of the Isolated Vortex and Significance of the Sign of (y) 

Exploration of the f i e l d  of ve loc i t ies  generated by an i so la ted  vortex 
makes it possible t o  b e t t e r  understand the  r e s u l t  obtained by geometric com- 
pos i t ion  f o r  the whole cascade. 

The complex po ten t i a l  l inked t o  the vortex of order (0) is  given by /13 
the  formula 

The corresponding complex veloci ty  i s  

d 0 0  - i - y  i . y  
2- X Z  -- = - 2 IF r - (cos 0 + i * sin8)' 

--_ dz - W,- iWv, = 

where Wx and Wy 

r and 8 

This aerodynamic 

a re  the components of aerodynamic ve loc i ty  generated by the 
vortex of order (0);  
are  the polar  coordinates of the point  a t  which we ca lcu la te  
the aerodynamic veloci ty .  

.-) 

veloc i ty  i s  perpendicular t o  the vector radius  OM ( f ig .  3) and, 
by using the corresponding c i rcu la t ion  along the  circumference (0) with radius  
r, .we f i n d  

We note t h a t  i f  y i s  negative the aerodynamic ve loc i ty  c i r cu la t e s  i n  the  
negative d i r ec t ion  of  ro ta t ion ,  which permits ax is  OY and axis  OX t o  coincide 
by a 90' ro ta t ion .  
c i r c u l a t e s  i n  the posi t ive d i r ec t ion  of ro t a t ion .  The r e s u l t  i s  t h a t ,  i f  the  
movement generated by the respect ive vortex i s  superimposed on a motion of 
t r a n s l a t i o n  directed along OX, the transverse impulsion w i l l  combine wi th  the 
vortex along OY i n  the f i rs t  case and w i l l  be i n  the inverse d i r ec t ion  i n  the 

We a l s o  note t h a t  i f  y i s  pos i t ive  the aerodynamic ve loc i ty  

second'case.  Since OY has 
d i r e c t i o n  of motion of the 
and the  contrary d i r ec t ion  
as compressor). 

the  same d i rec t ion  a s  Oy, t h i s  impulsion has the /14 
r o t o r  when y i s  negative (operation a s  tu rb ine)  
t o  t h a t  of the  motion when y i s  pos i t ive  (operation 



Figure 3 

B.  Calculation of Ve,xi ty  a t  any Point of the Flow Resulting 
from the Combination of the Various Vor t ica l  Po ten t i a l  
Functions and of Translat ion P a r a l l e l  t o  OX 

Formula (1) above sa t i s f , ac to r i ly  corresponds t o  t h i s  de f in i t i on .  To f a c i l -  
i t a t e  manipulation, it can be transformed using r e l a t i o n  

which becomes by logarithmic treatment 

*; 

and suggests the use, instead of the  function a,  of the new p o t e n t i a l  funct ion 



and consequently 

and f i n a l l y  

._ 

However, the second member of the equation thus obtained i s  no other  /15 
21 than the expression of a s e r i e s  which converges l i k e  the s e r i e s  

the e n t i r e  complex plane, provided N is s u f f i c i e n t l y  la rge .  

sum i s  as much closer.  t o  the remainder of the s e r i e s  nl . 9 elia terminated a t  the 

nth term, and consequently a s  much lower a s  N i s  g rea t e r .  

over 

In  addition, i t s  
I 

zl 

It therefore  seems t h a t  the functions @ and @ d i f f e r  i n  prac t ice  only by 

' 

S 
d m  a constant and t h a t  the der ivat ive 2 can represent  the desired f i e l d  of 

dz 
aerodynamic v e l o c i t i e s  with a control lable  approximation. 

C. Exploration o f a t h e  F ie ld  of Aerodynamic Veloci t ies  

W e  have 

and 'state 
x z  
7 era' 

z = 

and consequently 



t o  explore the plane of flow by means of r e a l  var iables ,  i . e . ,  

L = vec to r i a l  modulus (vector rad ius  r = -), h a  7 
II 

0 = azimuthal.argument, 

t h a t  i s  

and then 

and f i n a l l y  

a , = c o s ~ 2 h c o s ( O - a ) I ;  b o =  s inj2Xcos(O-a)I ,  

-- i * y  i * y  = -(sin Y a $- i cos a), 
2 ~ * e t a  7 2 9 T (cos a + i sin a) 2 T 

2 I t ,  6, + i (hi - 1) 
h ; - q % + l  ' W,-PN~ e: w,--Y (sin a + i cos a) 

2 2  - 

where W, and Wy designate,  respect ively,  the components along X and Y of 
the r e l a t i v e  ve loc i ty  W a t  the respective point  

/16 

y (h: - 1) COS a - 2 h, b,sin a ' w,= Wm---- 2T h ; : - 2 h o a o +  1 ' 
y 2 h, bo cos a + (h: - 1) sin a 

hi - 2 h, a, + 1 

D. Arrangement of Velocity Diagram 

We here ver i fy ,  a pos t e r io r i ,  tha t  the conditions a t  the l i m i t s  t o  the 
i n f i n i t e  a r e  s u f f i c i e n t l y  s a t i s f i e d  by the  f'unction i s .  

1. A t  i n f i n i t y  upstream 

Figure 4 resumes the passage t o  the l i m i t  given below 



. .  -I 
I . .  

Figure 4 

Yf 

accordingly s i n  (e - a) > 0 and ho + 0 when X + OD. 

Figure 5 

2. A t  i n f i n i t y  downstre'am 

Figure 3 resumes the passage t o  the l i m i t  given below 

-((.-a) < 8  <a, 

accordingly s i n  (6 - a) C 0 and ho + m when X + OD. 

Y 
27 W, + W,, + -- cos a, 

These two r e s u l t s  make it possible t o  construct f i gu re  6. When c i r -  /17 cula t ion  i s  negative, the arrangement of the ve loc i ty  diagram corresponds t o  
the  operat ion of a turbine and when the c i r cu la t ion  i s  pos i t ive ,  the arrange- 
ment of the  ve loc i ty  diagram corresponds t o  operation a s  a compressor. 

21 



Figure 6 

E. Calculation of the Circulat ion Determining Flow as  a Function 
of the I n i t i a l  Elements of the Velocity Diagram 

Figure 7 introduces the following geometric parameters not mentioned 
e a r l i e r  : 

it 

m 

is  the inc l ina t ion  of absolute ve loc i ty  a t  the intake along the 
turbine axis;  
i s  the inc l ina t ion  of the r e l a t i v e  ve loc i ty  W1 ( t h e o r e t i c a l l y  a t  

i n f i n i t y  upstream) .along the turbine axis;  
i s  i n t e n s i t y  of the absolute ve loc i ty  a t  the intake ( theo re t i ca l ly  
a t  i n f i n i t y  upstream); 
i s  the deviat ion of the f l u i d  due to '  the blading; 

is  the geometric difference between the r e l a t i v e  ve loc i t i e s  down- 
stream and upstream; 

V1 

Jr 
AW 
+ 

these make it possible t o  wr i te  the following r e l a t ions  

V, cos i t  

.4-----.1 
Y 

6 

I I 

Figure 7 

33 
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, so t h a t  

(7) cos it - sin + 
cos (+ -- m) 9 cos m' y = - 7 v, - 

. -  L 

/Is This expression of t he  c i rcu la t ion  i s  va l id  both f o r  t he  turb ines  
(y < 0) and f o r  the compressors (y > 0) on the condition of counting alge-  
b r a i c a l l y  i n  the  system of xyu axes. 
satisfies t h e  i n e q u a l i t i e s  

It  i s  obviogsly assumed, moreover, ' that Jr 

. -  . . _ .  

which l i m i t  t he  examination t o  r e a l  cases of operation and t o  a r o t a t i o n  of t he  
machine i n  the  d i r e c t  trigonometric sense. 

2.3 Numerical Calculation and Determination of the  L i m i t  
. Conditions a t  F i n i t e  Distance 

We have given a numerical example so a s  t o  i l l u s t r a t e  t h e  conclusions of 
Section 2.2 and make it possible t o  apply them t o  the  ca l cu la t ion  of the  aero- 
dynamic fo rces  i n  steady and t r a n s i e n t  regimes. 

The elements of t h i s  numerical application a re  represented i n  f i g u r e  8; 
i.e. , 

x 
i, = 3; v, = w, @ d:; w, = w,; 

x m.= + - 6' 

The p i t c h  of the  blading T i s  taken equal t o  u n i t  length. It w i l l  easily 
be seen t h a t  t he  value of a t o  be introduced i n  formula (4) i s  

2 %  =-. 3 '  

Figure 8 



I 

. by taking i n t o  account t he  r e l a t i o n  

G = - W m  Y 

we deduct from the  equations (4) 

)* W z = W m ( l  s 2 (h: - 2 h, a, + 1 
2 h, bo d!i + h:- i 

w, = w 2 11 b 0 \/:(hi - 1) 
m 2(Il ,:-2h0u,+ 1)' 

A. Determination of Zero-Velocity Points 

Their coordinates a re  so lu t ions  of t he  system of equations 

( 2 ( h ~ - 2 h 0 a 0 + 1 ) + 2 h 0 b 0 ~ + h ~ - 1  -0; 

1 f i ( h ; - - l ) - 2 h o b 0  = 0. 

2 By eliminating ho between equations ( 9 )  and (lo), we obtain 

- CZAsin(0-a) > 0, 1 lb= 
- - 

~ 0 - 6 0 d T -  

so t h a t ,  from equation (10) 

. -. .. . 

If w e  desire a and bo i n  the  form 0 

a, = cos ] 2 A cos (0 - a) = cos A; 60 = sin 2 A cos (0 + a) [ = sin A, 

so t h a t  

' I  

* 24 



Figure 9 

2n 

we f ind  an equation i n  A whose roots  are 

(11) A = 2k' W (where k' i s  whole, pos i t ive ,  negative or  zero) 
1 1 1 

= 3 + 2k' (where k' is whole, pos i t ive ,  negative o r  zero) (12) 
A2 2 2 2 

These roots  a re  shown i n  f igure  9. From equation (ll), we can deduce the 
f i rs t  s e r i e s  of values of 

k', ie 
cos (0 - a) 2 h c o s ( 0 - a ) = 2 k k ' , ~ ,  t h a t  is, A =  



, and 

These a re  pa ras i t e  solut ions 

8 = a + k ' x ;  X = f k ' , x ;  r = f k', VI, 

contained i n  the  i n i t i a l  formula (3) and corresponding t o  the indeterminate /20 
veloci ty  W immediately adjacent t o  the vor t ices  symbolizing the blades of 
the cascade. 

It now appears t h a t  the calculated flow does not exact ly  represent  r e a l i t y  
i n  the immediate v i c i n i t y  of the p ro f i l e s .  
t h i s  has no importance i n  the calculat ion of the  s t r e s s e s  and instead goes hand 
i n  hand with the possible  general izat ion of t h i s  calculat ion,  independent of 
the form of the p ro f i l e s .  

We s h a l l  see f a r t h e r  below t h a t  

From equation (12) we can deduce a second s e r i e s  of values of X 

3 %  3 x k', 2 cos (e - a)..= 2 + 2 k', x,  or  COS (8 - a) = + 

with 

1 Log h, = - 2 X sin (0 -- a) = -- Log3: 2 

To each whole, pos i t ive ,  negative or zero value of k' there  corre- /21 2 
sponds a zero-velocity point  located in  the proximity of one of the vor t ices  
symbolizing the blades of the cascade. 
c loses t  t o  the vortex located a t  the o r ig in  are obtained with k c 2  = -1, t h a t  i s  

The coordinates of the poin t  

26 



Log 3 
= - 0,3497, 

0 1200 - 190 16‘ = 1000 44’, 

- Log 3 r = -  - 0.2649. 4 0,330 = 

B. Evolution of Velocity i n  the Channels Along the Rotor Periphery 

The formulas become simplified as indicated below 

O = a; sin (0 -a) = 0; h, = 1; 2 A cos (0 - a )  = A = 2 A. 

so t h a t  it is easy t o  prepare tab le  1, which gives the desired evolution. 

C. Evolution of Velocity P a r a l l e l  t o  the Turbine Axis 

The poin ts  a t  which the ve loc i t ies  producing t h i s  evolution a re  calculated 
are taken a t  the in t e r sec t ion  of axis Ou and c i r c l e s  with the respective r a d i i  

r = 0.2; r = 0.4; r = 0.6; r = 0.8. 

The corresponding calculat ions are entered i n  tab les  2 and 3 .  

D. Systematic Trace of the Flaw Line Passing Through a Given Point 

/24 We assimilate  the desired curve t o  a polygon. By multiplying the  
s ides  of t h i s  polygoh, it i s  possible t o  reach any predetermined precis ion.  

Figure gA furnishes  the  indication of the method. The angles Vn a re  those 
O n )  with the tangent a t  formed by the vector radius  of the point of order n ( r  

t h i s  point ,  and the  angles Bn a re  those formed by the vector radius  of the 
poin t  of order n with the  tangent a t  the point  of order n - l(rn - 1, 8, - l), 
so t h a t  we have the  r e l a t i o n s  

n:’ 

. _____- rn-1 rn 
sin (Bn-l) 7‘ sin (Vn-1)’ 
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I TABLE 2. AXES INCLINED AT + 2 ON POSITIVE OU MIS 
3 

r 

IF * r  A=--- .......................... 

n ' r  ......................... 
t 

2 x  ............................... 
I. 180 A = ~ * A . c o s ~  -y .............. 

00 -= COSA ....................... 
b o - ~ i l l A . . . . . . . . . . .  .............. 
- 2 -  A .  sin --- ................. 
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0,8090 
0,5878 

1,0885 

2,969 
3,4903 

* 13,537 
- 10,0467 

4,804 

6,0453 
30,02'2 

23,8819 
- 230 

0,4 * K 
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720 
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1,2 K 

1080 . 
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0,951 1 
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49,803 

- 1 185,60 
- 1 135,797 
- 16,1804 
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86,262 

2 176,063 
- 27030 
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0 .  

- 3,76902 

0,02305 
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Figure 9A 

from which w e  derive the recurrence formula of the  vector r a d i i  a s  a function 
of the preselected arguments; 

sin (Vn-l) 
''I = ',-' sin (V,,--l - d e,,)' 

From t h i s  it i s  easy t o  deduce tab le  4, i n  which de are  10' or  50, which 
gives  the  elements of the desired t r ace .  This t ab le  i s  referenced t o  the flow 
l i n e  ( c )  separating the ve loc i ty  f i e l d  around the blade with a f f i x  from the 
v e l o c i t y ' f i e l d  around the  blade with a f f i x  Zn-l. 

E. Determination of L i m i t  Conditions a t  F in i t e  Distance. 
Trace of Blade P ro f i l e  4 

Since the d i s t r i b u t i o n  of vort ices  i s  given and the ve loc i ty  f i e l d  i s  
organized in'accordance with a family of flow l i n e s ,  the l i m i t  conditions a t  
f i n i t e  dis tance can be s a t i s f i e d  i n  only one manner, i .e . ,  by se lec t ing ,  f o r  
the extrados and intrados of the p ro f i l e ,  two flow l i n e s  of the family i n t e r -  - 
l inked by a condition impressed on the volume of f l u i d  i n  the channel const i -  
t u t ed  by two consecutive blades. 

&I This statement i n  no way inva l ida tes  the general  character  of the 
method proposed here f o r  ca lcu la t ion  of aerodynamic s t resses .  We s h a l l  see 
i n  Chapter 3 t h a t  these s t r e s s e s  depend exclusively on the  l i m i t  conditions a t  
i n f i n i t y  ( t h i s  is  the d i r e c t  r e s u l t  of appl icat ion of the  Kutta and Joukowski 
theorem) . However, the ca lcu la t ion  of aerodpamic moments, through applica- 
t i o n  of the  second Blasius  formula ( r e f .  3 ) ,  depends on l i m i t  conditions a t  
f i n i t e  dis tance.  However, the inves t iga t ion  of the blade vibrat ions w i l l  be 
l imi ted  t o  bending v ibra t ions ,  which are highest  i n  the case of r e l a t i v e l y  
sho r t  blades,  and consequently does not involve the aerodynamic moments. 

We should, moreover, add t h a t  the cor rec t  representat ion of an ex i s t ing  
p r o f i l e  can always be obtained with the a id  of not only a s ingle  l i n e  of 
vo r t i ce s ,  which i s  too  schematic, but by u t i l i z i n g  a r a the r  complex group of 
vo r t i ce s  and sources arranged a l o w ' t h e  a rc s  of i den t i ca l  curves and passing 
through the  points  with aff ix  a s  i n  f igure  2. A t  a s u f f i c i e n t l y  g rea t  

3n 
3" 
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distance from one of these a rcs ,  we necessar i ly  f ind  an aerodynamic configura- 
t i o n  close t o  t h a t  determined by the single l i n e  of vor t ices ,  because we are  
f i n a l l y  r a the r  wel l  forced t o  s a t i s f y  the predetermined arrangement of the  
veloci ty  diagram. Simultaneously, the c i r cu la t ion  of the ve loc i ty  f a c t o r  taken 
along 'a  curve enclosing the respective a r c  within it takes the same value s ince 
the sum of the residue i n  the  complex in tegra t ion  corresponding t o  the f i r s t  
Blasius formula ( r e f .  3) is  the same i n  both cases. 

Spec i f ica l ly ,  the numerical application given i n  Section 2 tends t o  show 
t h a t  f o r  any ve loc i ty  diagram we can define an i d e a l  p r o f i l e  which cons t i t u t e s  
a general izat ion of  a l l  possible prof i les  of the blade cascades sa t i s fy ing  the 
same l i m i t  conditions.  Since we have establ ished a correspondence between a l l  
usable ve loc i ty  diagrams and a l l  type (1) v o r t i c a l  d i s t r ibu t ions ,  we can be cer- 
t a i n  t h a t  the r e s u l t s  obtained by such d i s t r i b u t i o n  apply t o  a l l  turbines .  

The cons t i tu t ion  of a p ro f i l e  on the bas i s  of a family of flow l i n e s  de- 

The flow l i n e s ,  
f ined by the po ten t i a l  funct ion (3) i s ,  however, i t s e l f  affected by uncer ta in ty  
i n  regard t o  the leading and t r a i l i n g  edges of the p ro f i l e s .  

I 

Figure 10 
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i n  conformity with the  d ispos i t ion  of the ve loc i ty  diagram, are  p r a c t i c a l l y  
p a r a l l e l  as soon as they deviate  s l i g h t l y  from t h e  v o r t i c a l  ax i s ,  and we know 
only wi th in  the deviation between the  one which serves  
which serves  as extrados, the  upstream poin t  of impact 
p r o f i l e  t i p .  For the  downstream t i p ,  t h i s  t h e o r e t i c a l  
physical  r e a l i t y  because the Kutta- Joukowski condition 
s a t i s f i e d  and the  d i r ec t ion  of the veloci ty  a t  a poin t  

a s  in t rados  and the  one 
and the downstream 
imprecision agrees with 
i s  never p e r f e c t l y  
of the extrados imme- 

d i a t e l y  adjacent t o  the  p r o f i l e  t i p  .always i i f f e r s - i n  p rac t i ce  by a few degrees 
from the d i r e c t i o n  of t h e  tangent t o  the extrados a t  t h i s  po in t .  These poin ts  
must be taken a t  the  o r i g i n  of the  wake from each vane of t he  blading, which 
wake thickens out  a t  the  rate a t  which, with increase of the  Reynolds number, 
we come c lose r  t o  the  conditions under which turbulence invades the  channel 
cons t i tu ted  by two consecutive vanes. While t h i s  t r a n s i t i o n  takes  place,  the  
poin t  where aerodynamic ve loc i ty  ceases t o  be p a r a l l e l  t o  t h e  tangent t o  the  
extrados rises on the extrados u n t i l  it becomes s t a t iona ry  a t  the  poin t  where 
t h e  ve loc i ty  of p o t e n t i a l  flow i s  maximum. It should be understood of course 
t h a t  it w i l l  be necessary t o  take these phenomena i n t o  account, during 
inves t iga t ion  of damping, by means of hypotheses which should be made as 
simple as possible .  

. 

E 

The numerical r e s u l t s  i n  t a b l e s  I, 2, 3 and 4 have been p lo t t ed  i n  f igu re  

I n  general ,  we can always 
10, which represents  t he  blades of; a cascade obtained on the  bas i s  of numer- 
i c a l  da t a  introduced a t  the  beginning of Section 2. 
s e l e c t  as in t rados  the  flow l i n e  C, which i s  the flow boundary between two con- 
secut ive p r o f i l e s  a s  it was determined by t a b l e  4. The extrados can then be 
deduced from the  datum of flow volume q passing through t h e  channel cons t i tu ted  
by two consecutive vanes. L 



CIIAPTER 3. ANALYSIS OF STRESSES 
BLADE OF TRE RESPECTIVE 

APPLIED TO EACH 
ROTOR 

3.1. Formulation of Aerodynamic Stresses  Under Steady-state Regime 

These s t r e s s e s  can be deduced f rom the i n i t i a l  datum of the ve loc i ty  
diagram through appl icat ion of the Euler theorem. We s h a l l  see, however, 
t h a t  ana ly t i ca l  in tegra t ion  by the f i r s t  Blasius formula suggests an extension 
of the idea of aerodynamic-circulation t o  ca lcu la t ion  of the s t r e s s e s  i n  a l t e r -  
nate  t r a n s i e n t  regimes. 

/29 

A. Application of the Euler Theorem 

The geometric mean of the r e l a t ive  ve loc i t i e s  a t  output and discharge 

5 and w) i s  incl ined by angle a t o  the  tangent t o  the r i m  a t  the respect ive 

blade base. Aerodynamic s t r e s s  

( t h r u s t  on sha f t )  and a tangent ia l  s t r e s s  F (motive o r  r e s i s t a n t )  a s  indicated 

2 

i s  broken i n t o  a s t r e s s  normal t o  the  r i m  

i n  f igu re  11. Y 

- 
F i s  obtained by wr i t ing  the var ia t ion  of quant i ty  of the tangent ia l  

Y 
mcrtion 

where s designates  
q i n  t h i s  channel. 

the sect ion 7 '1  of a channel and S*ms*W i s  the flow,volume mu 
- 
F, i s  given by expansion o r  compression across the blades 

s ince W i s  21 equal  t o  W if . the 
1, 

f l u i d  i s  

25 
4, 

incompressible. 
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Figure 11 

The quotient - FU consequently i s  - 
FY 

. . .  . 

which shows t h a t  the r e su l t an t  of the 7 s t r e s ses  i s  perpendicular t o  K. 
I n  addi t ion,  we have 

,& 

B. Application of the F i r s t  Blasius Formula ( r e f .  3) 

This formula i s  wr i t t en  

Conjugated @) = 'L!!".: 1s (x) dos ' dz, 
blade 

where in t eg ra t ion  was made along the  blade p r o f i l e  and the blade, e.g., the  one 
located a t  the o r ig in  of the XOY axes, i s  considered a cy l indr ica l  element with 
length  1. However 



. - .  

on the o ther  hand, i n  the  o r ig in  v i c in i ty  

- 
r era 

the  corresponding residue of the term i n  - 1 f o r  - the re fo re  @s is 
d z  Z 

- W,, y i 
x ’  

t h a t  is  

/31 

and then 

We again f ind t h a t  the r e su l t an t  of the aerodynamic s t r e s s e s  i?‘ i s  perpen- 
d i cu la r  t o  which is  carr ied by OX. By project ion on Oy we a l so  have 

and - _ _  
y = r - A W = r (WP, - Wi,), 

from formula ( 5 ) .  
exac t ly  t h a t  given by formula (13)  

Fina l ly  the expression of the motive o r  r e s i s t a n t  force i s ,  

However, it may be objected t h a t  i n t e rp re t a t ion  of the  p r o f i l e  l i f t ’  through 
the  theory of c i r cu la t ion  of the veloci ty  vector i s  val id  only i n  the  incompres- 
s i b l e  f i e l d .  The subsonic range i s  s u f f i c i e n t l y  important t o  remain wi th in  
it by introducing, a s  a f irst  approximation, the  phenomena of compressibi l i ty  

i n  the  form of correct ing f ac to r s  i n  J 1 - M2, where M designates the Mach num- 
ber; then we have 



Transposition of  the expression for c i r cu la t ion  from the f i e l d  of incom- 

Accordingly, 
p ress ib le  f l o w  t o  the f i e l d  of cmpressible  flow i s  thus modeled on the 
t ranspos i t ion  proposed by Prandtl ,  Glauert and Ackeret f o r  Cz.  

conditions f o r  s t r i c t  appl ica t ion  of formula (5A)  a re  t h a t  t he  p r o f i l e s  must be 
t h i n  and t h e i r  curvature and incidence s l i g h t .  

To define the M number, we may c a l l  on the f a c t  t h a t  l i nea r i za t ion  of the 
f l u i d  mechanics equations requires  referencing ourselves t o  an ove ra l l  flow 
veloc i ty  and expressing t h i s  ve loc i ty  a t  any point using per turbat ions con- 
sidered i n f i n i t e l y  small and where we neglect t h e i r  square. It i s  consequently 
convenient t o  se l ec t ,  f o r  the M number, the r a t i o  of the geometric mean veloc- 
i t y  r e l a t i v e  t o  the speed of sound am a t  those points  where t h i s  ve loc i ty  Wm 

i s  a t ta ined  i n  the  respective incompressible flow defined by r e l a t ions  

I ( h ~ - l ) , c o s a - 2 h ~ b o s i n a =  0, 

More precisely,  i f  we develop the complex po ten t i a l  Q of equation (1) /32 
i n  the form 

the general  equat ion . to  which the  poten t ia l  i s  subject  i n  the xOy axes 

i s  wr i t t en ,  employing the notat ion customary f o r  the lap lac ian  and by desig- 
nating the  speed of sound by as(x,  y ) ,  a s  

R 

After  l i nea r i za t ion ,  t h i s  equation becomes 

from which r e s u l t s  t he  analogy with incompressible f l o w  i n  coordinates 

The Blas ius  in tegra t ion  gives  the s ta ted r e s u l t  ( r e f s .  11, 24) and the value of 
am r e s u l t s  from the datum of upstream temperature (we do know t h a t  the var ia -  

t i o n  i s  i n  the order of 5 O  between the terminal point  and the points where the 
ve loc i ty  reaches 100 m/sec). It should of course be understood t h a t  the 
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spec i f i c  mass of the  equivalent incompressible f l u i d  i s  t h a t  determined by the 
. conditions of temperature and pressure a t  the points  defined by the above r e l a -  

t ions, where 
stream flow. 

For the  
magnitude of 

the temperature i s  taken as equal t o  the  temperature of the up- 

numerical appl icat ion given i n  Section 3 of Chapter 2, the order of 
the respective perturbation i s  given by the  r a t i o  

and therefore  we cannot expect t o  derive the aerodynamic s t r e s s e s  from formula 
(5A)  with a precis ion g rea t e r  than 25 percent, when the Mach number approaches 
1. It i s  t rue  t h a t  the curvature of the investigated p r o f i l e  i s  p a r t i c u l a r l y  
pronounced. 

3.2 Significance of Formulas Obtained f o r  Aerodynamic S t r e s ses  
Under Steady Regimes 

Both formulas i n  qx and (13) and (l3A) s t r e s s  the f a c t  t h a t  the 
T 

blades of the same r i m  may be charged unequally i f  the t o t a l  volume across 
the r o t o r  i s  not uniformly d is t r ibu ted  between the channels. However, the  for -  
mula i n  qrW s t a t e s  only the existence of a tangent ia l  va r i a t ion  of the quan- 

t i t y  of motion, whereas the formula i n  

quant i ty  of motion or ,  i n  o ther  words, t h i s  conversion of the f l u i d ' s  usable 
energy i n t o  mechanical energy ( r e f .  7) i s  l inked t o  the nonuniformity of  the 
p o t e n t i a l  function describing the f l o w .  (For t h i s  reason we prefer  t o  

a l so  spec i f ies  t h i s  va r i a t ion  of the 
7 

/33 
1 

introduce compressibil i ty by affect ing it with the coef f ic ien t  4- r a the r  
\/I -- 512  

than t o  employ, a s  i s  customary, the ari thmetic mean between the spec i f i c  mass 
upstream and downstream, which would have complicated the expression of the 
aerodynamic s t r e s ses  a s  a function of time.) 

O f  p a r t i c u l a r  importance i s  the appl icat ion t o  formula (l3A)' of the 
Lagrange theorem according t o  which "if  a f l u i d  i s  s e t  i n  motion, a l l  i t s  pos- 
s i b l e  motion takes  place with uniform po ten t i a l s  of velocity." 

Since the cascade upstream flow may be considered as  having uniform veloc- 
i t y  we ac tua l ly  w i l l  not be able,assuming the flu'id t o  be per fec t ,  t o  pro- 
duce a t  the  l e v e l  of t he  cascade, vortices perpendicular t o  the plane of 
flow anymore than i n  the  case of a plane wing whose behavior i s  not fundamen- 
t a l l y  d i f f e r e n t  from t h a t  of a cascade, and u t i l i z a t i o n  of a nonuniform poten- 
t i a l  func t ion  of type (1) would merely serve t o  a r t i f i c i a l l y  c rea te  the 
paradox of d'Alembert-Cisotti ( re f .  4).  Some authors ( re f .  20) consider t h a t  
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i f  the  r e su l t an t  of the aerodynamic s t resses  applied t o  a simply connected 
body having t h r e e ' f i n i t e  dimensions i s  zero f o r  uniform upstream flow, i n  re-  
tu rn ,  the paradox can no longer be sustained i n  the  case of an inde f in i t e ly  
elongated cylinder.  Nevertheless, i n  t h i s  study we s h a l l  assume t h a t  a to rus  
of f i n i t e  dimensions i s  not exempt f r o m  the  paradox of d'Alembert-Cisotti 
(which can be demonstrated) and (but without demonstration) t h a t  passage 
t o  the l i m i t  of the torus  t o  the cylinder does not  introduce d iscont inui ty  i n  
the function 

defined a s  the r a t i o  of the projection on the ax is  of the torus  of t he  aero- 
dynamic r e s u l t a n t  t o  the product, by the dynamic pressure i n  the uniform up- 
stream f l o w ,  of the  surface of the apparent contour of the objec t  f o r  an ob- 
server  a t  i n f i n i t y  i n  the  selected d i rec t ion  ( r e f .  12) .  

We therefore  consider t h a t  only viscous f l u i d s  a re  able t o  i n d e f i n i t e l y  
and s t ab ly  support objects  heavier than they, where the vort ices  necessary f o r  
ca lcu la t ing  s t r e s ses  by the Prandtl  method f o r  plane wings ( r e f s .  12, 26) and 
by formula ( l 3 A )  a re  produced permanently within the l i m i t  curve 

i n  reference 47 f o r  the Oseen equations. Each term i n  L ( z  - i n  T eb) of fo r -  
mula (1) cons t i tu tes ,  under t h i s  concept, a type of mathematical i n t eg ra t ion  
summing the nonuniform po ten t i a l s  of' very small elementary in t ens i ty  l inked 
t o  all the  vor t ices  ex i s t ing  i n  the boundary l aye r  adhering t o  the p ro f i l e .  
The concepts of boundary layer ,  c i rcu la t ion  and Reynolds number, vhere the  let- 
t e r  allows us t o  simply introduce the f l u i d  v i scos i ty  i n t o  the formulas, there-  
fore  p lay  a fundamental ro l e  i n  a l l  the following. 

as out l ined 

For p ro f i l e s  designed o ther  than according t o  the considerations developed 
i n  Section 3 of Chapter 2, i t  i s  possible t o  schematize the behavior of any 

blading with grea te r  exacti tude b y  breaking down each term i n  

ments loca l ized  on a curve a rc  passing through the a f f i x  point  i n  T e 
r e s u l t  of the  in tegra t ion  contained i n  the f irst  Blasius formula i s  the 
same, but the pressure center  i s  displaced and the  aerodynamic moment, calcu- 
l a t e d  with the  second Blasius formula 

n T cia: i n t o  e l e -  

ia . The 
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depends on the  breakdown mode adopted. 

It should be understood, of course, t ha t  production of the vor t ices  i s  a 
component of the  energy balance. 
expression of p ro f i l e  l o s ses  a s  a pa r t i cu la r  form given t o  t h a t  of the y i e ld  
from conversion of usable energy into mechanical energy absorbed o r  transmitted 

I n  t h e  viewpoint adopted, we regard the  

I ,  n 
Y W  



. by the machine shaf t .  Their amount may vary when a r t  of the usable energy 
serves e i t h e r  t o  damp vibrat ions (posi t ive damping P o r  t o  emphasize them (nega- 
t i v e  damping). 

We can compare the proposed analysis t o  t h a t  by Prandt l  ( r e f .  24) i n  h i s  
theory f o r  permanent motion of a f lu id  around a wing of l imited span. 
(5A) r e t a ins  only the influence of the l inked vor t ices  p a r a l l e l  t o  the span 
which helped him t o  give the expression of the  l i f t  f o r  i n f i n i t e  span perpen- 
d icu lar  t o  the general direction of flow. Neglecting the free vortfees,  I t  
does not consider the induced drag which appears with introduct ion of t he  
l imited span concept, i . e . ,  a reduction of l o c a l  incidence equal t o  the quo- 
t i e n t  of the per turbat ing ve loc i ty  due t o  the f r ee  vortices' by the ove ra l l  veloc- 
i t y  of the flow Wm. Because the  Prandtl  induced polars a re  parabolas, s i m -  

p l i f i c a t i o n  cons is t s  i n  ass imilat ing them t o  t h e i r  tangent a t  the apex. We 
thus specify the l i m i t s  of appl icat ion of the proposed hypothesis i n  order t o  
j u s t i f y  development of a c i r cu la r  cascade along a plane and ul t imately t o  
e l iminate  the p o s s i b i l i t y  of to rs iona l  vibrat ion.  

Formula 

On the  bas i s  of the preceding remarks of a physical  order,  we have 
attempted below t o  e s t ab l i sh  the necessary r e l a t ions  between inves t iga t ion  of 
the blades under s teady-state  regime and under a l t e rna te  t r ans i en t  regime. 

3.3 Formulation of Aerodynamic Stresses  Under Alternate 
Transient Regime . 

A. Circulat ion Osc i l la t ions  

If we assume t h a t  the flow volume q i n  a channel is  s t r i c t l y  constant, 
formula (l3A) shows t h a t  the s t r e s s  F may s t i l l  vary a s  the c i r cu la t ion  y 

Y 

which appears i n  the form of a function of angle q i n  formula (5A)  

However, during a l t e rna t ing  vibrat ion prec ise ly  the angle Jr assumes an 
increase dq a s  shown i n  f igure  12. *It i s  therefore  possible t o  ca lcu la te  by q 
the  c i r cu la t ion  osc i l l a t ions  a s  a function of time and t o  deduce from t h i s  
the second number of the equation f o r  vibrat ions.  

/35 

L e t  ac tua l ly  be the pseudo-amplitude of vibrat ion a t  a given i n s t a n t  

counted i n  r e l a t i o n  t o  the  xyu axes linked t o  the ro tor .  
a r r i v i n g  a t  D which would have been a t  C a f t e r  having followed the extrados i n  
continuous aerodynamic regime i s  i n  f a c t  s i tua ted  a t  J a t  the blading e x i t ,  
provided there  has been no detachment a t  the p r o f i l e  t i p .  U t i l i z ing  the  nota- 
t i o n s  i n  f igu re  12, ye can w r i t e  

A f l u i d  p a r t i c l e  
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and then 

where e designates the blading depth and 

r e l a t i o n  t o  the  turbine ax is ,  from which w e  deduce 

the p r o f i l e  chord inc l ina t ion  i n  

I n  the  absence of detachment, evaluation of dy r e s u l t s  from f igu re  12  a s  

dy = (yJM 1 sin w (f + 1 d) -. sin o 1 
. - -  

provided we now assume t h a t  elongation y i s  the product of the s inusoidal  fbnc- 
t i o n  of t i m e  whose frequency i s  not necessar i ly  equal t o  the  na tura l  frequency 
of t he  blades cons t i tu t ing  the  respective cascade, and of the  pseudo-amplitude 
( Y ~ ) ~  slowly varying i n  t i m e .  

as negative, pos i t ive  or  zero, depending on whether the pseudo-amplitude i s  a 
func t ion  of time respective.ly decreasing, increasing or quasi-constant.  

A f i r s t  consequence of t h i s  formulation i s  t h a t  damping may now be defined 

I n  addi t ion,  however, the r e s u l t  of such a formula i s  t h a t ,  consider- 
ing i n  p rac t i ce  the b r i e f  i n t e rva l  td i n  which the blading i s  t raversed by 

/36 

Figure 1 2  
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the  f l u i d  compared t o  the  o s c i l l a t i o n  period, the deviat ion of dy i s  almost i n  
square with the elongation y, hence i t s  importance i n  regard t o  damping. This 
passage i n t e r v a l  t d  L 

1 Cd 
d - w 

m 

may be defined a s  the quot ient  of the p r o f i l e  chord cd by the mean ve loc i ty  

such as  it appears i n  f igu res  2, 6 and 8 (neglecting the o s c i l l a t i o n  of td 
concomitant with t h a t  of y).. 

We subsequently introduce the idea of detachment a t  the  p r o f i l e  t i p  with a 
more complete expression of dy 

The importance of t h i s  mathematical pa t t e rn  i n  a l l  t h a t  follows and, of 
course, i n  the study conclusions themselves, necess i ta tes  explanation of i t s  
cons t i tu t ing  terms: 
t h e  aerodynamic s t r e s s e s  during evolution of the ve loc i ty  diagram. 
t i o n  i s  reduced by the detachments a t  the p ro f i l e  t i p  i n  accordance with f i g -  

dy i s  the elongation var ia t ion  controlled by va r i a t ion  of 
This var ia-  

& ures 12-1, 12-2, 12-3. 

(1) I n  s teady-state  regimes, a f l u i d  p a r t i c l e  a r r iv ing  a t  D and not 
"adhering" t o  the p r o f i l e  DG would leave the blading a t  GI1, such t h a t  

within the second order when the angle $ i s  i t s e l f  an inf in i tes imal  of the 
f i rs t  order  ( f i g .  12-1). 

(2) I n  steady-state regimes, a p a r t i c l e  a r r iv ing  a t  D ac tua l ly  becomes de- 
tached ( f i g .  12-2) only a t  a s l i g h t  distance ad from the p r o f i l e  t i p  DG and 
leaves the blading a t  GI2, such t h a t  

W e  can assume t h a t  GG' d i f f e r s  from GGfl only by a f a c t o r  d (Re) charac- 
2 P 

t e r i z i n g  the  importance of the phenomena l inked t o  the f l u i d  ve loc i ty  and 
v i s c o s i t y  and t o  the  blading geometry 
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Figure 12-1 

Real W2 
under 
p a r t i a l  W2 without 
detachment de t ac hme n t  

Figure 12-2 

D extremum 

Maximum spread be%-een 
. r e a l  W2 and theo re t i ca l  W2 

coincides with ' 
t heo re t i ca l  W2 

Figure 12-3 
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o r  a l s o  

GG', = GG'l * d p  (Re) 

This l a s t  equation must be in te rpre ted  as  follows: 

( a )  a t  constant flow ve loc i ty  and, more general ly ,  w i t h  constant Reynolds 
number, any va r i a t ion  of Jr is  t rans la ted  by a proportional variati'on of e 

the  d is tance  of t he  detachment poin t  from t h e  p r o f i l e  t i p  has not varied; 

i f  P 

( b )  ep may be considerable a t  very s l i g h t  incidence, provided the  de- /38 
tachment manifests i t s e l f  i n  the  immediate proximity of t h e  p r o f i l e  t i p ,  and 
may be invar ian t  when $ var i e s  i f  the  detachment poin t  devia tes  from the  
p r o f i l e .  However, a t  very ' s l ight  incidence, t he  propor t iona l i ty  with -$ w i l l  
probably be obscured by the occurrence of detachments independent of the 
incidence whose o r i g i n  must be sought i n  the  geometry of t h e  p r o f i l e .  

I n  a vibratory regime, t he  b lade ' s  o s c i l l a t i n g  motion has both the  ten-  
dency t o  r ea t t ach  t h e  flow l i n e s  detached i n  s teady-s ta te  regimes and t o  aggra- 
vate t h i s  detachment i n  such manner tha t  the  double amplitude of the f l u i d  
o s c i l l a t i o n  i s  l e s s  than the  double amplitude of blade o s c i l l a t i o n  ( f i g .  12-3). 
This phenomenon can therefore  be taken i n t o  account a t  l e a s t  approximately, 
and e spec ia l ly  the l o c a l  accelerations i n  the  f l u i d  a t  the  po in t s  f o r  which the  
blade ve loc i ty  i s  zero, assuming t h a t  there  i s  complete cance l la t ion  of detach- 
ment when elongation i s  equal t o  the pseudo-amplitude and d i rec ted  opposite t o  
the  f l u i d  deviat ion.  
be t h e  p o i n t  G 2 i d e n t i f i e d  under continuous flow ( f i g .  12-2), the  pseudo- 
amplitude of f l u i d  elongation then appears equal t o  

Since the  f l u i d  o s c i l l a t i o n  mid-point must necessar i ly  

Conditions f o r  applying formula (15) therefore  are as follows: 

a. Se lec t ion  of Reynolds number Re 

Re  should charac te r ize  l o c a l  equilibrium between t h e  f l u i d ' s  i n e r t i a l  
forces  and the  v i scos i ty  forces  determining adhesion of the  f l u i d  t o  the  p r o f i l e  
and charac te r ize  a l s o  t h e  blading geometry. 

W e  can use a t  l eas t  two very c l a s s i c a l  forms given t o  the  Reynolds number: 

- 'm' 'd - 
(Re 'prof i le  v '  



i n  which v i s  the kinematic v i scos i ty  of the f l u i d  and D 
diameter . 

i s  the hydraulic h 

Moreover, there  i s  a r e l a t i o n  between the two 

1 7  
COS el - 2 ' c d * w m , l  - 7 .-. cd 

I' Rechannel - V 7 - + - ' cos.01 
cd cd 

.I . t h a t  i s  

1 7  
COS el - 2 ' c d * w m , l  - 7 .-. cd 

V I' Rechannel - 7 - + - ' cos.01 
cd cd 

Rechannel = 2 Reprofile . function (elonghtion, r e l a t i v e  p i tch ,  s e t t i n g ) .  

I n  both cases we use again the concept of c i r cu la t ion  /39 

Reprofi le  * v =  2*Cd'W,# 

( c f .  Section 3, Chapter 2) ,  but the Reynolds number which i s  introducing the 
hydraulic diameter i s  the most s ign i f ica t ive  and should be preferred over the 
other  because it allows taking i n t o  account the p i t c h  e f f ec t .  

b. Influence of span 

Here again we neglect t o  d i f f e ren t i a t e  the flow sect ions from the aero- 
dynamic viewpoint and do not  take into account the ends e f f ec t s ,  except through 
elongation and r e l a t i v e  p i tch .  
median sec t ion  and i s  subsequently compensated f o r  by ca lcu la t ion  t o  s a t i s f y  
the l imi t ing  conditions of the mechanical problem (c f .  Section 1, Chapter 4) .  

Formula (15) i s  therefore  applied t o  the p r o f i l e  

c. Determination of the function d (Re) 

To determine t h i s  a s  defined above, we make wind-tunnel measurements 

P 

allowing us t o  determine, under nonvibratory operation, the  deviat ion between 
the  value Jr r e su l t i ng  from study of the theo re t i ca l  veloci ty  diagram and the 
value of the angle formed by the r ea l  r e l a t i v e  ve loc i t i e s  of f l u i d  intake and 
discharge from the  blading. We can also loca l i ze  the detachment point  on the 
p r o f i l e  whose example i s  given i n  Chapter 6. 
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Final ly ,  the c i r cu la t ion  o s c i l l a t i o n s  can be expressed a s  follows 

with 

and 

or 
cr = sin w cos o 1 - 2 sinz? *sin w 1, 

yr sin (wt + j )  = y1 1 sin w f cos j + cos w I sin j 1, 

0 td tg j = - cotg -, 2 

The formulas thus obtained w i l l  be  discussed during inves t iga t ion  
t u a l  damping i n  Chapter 5.  
w i l l  be convenient, as we continue calculat ion,  t o  break down (y)  

However, it i s  i n t e r e s t i n g  t o  note even now t h a t  it 
s i n  ( w t  + j )  

i n t o  1 ' / 4 0  

neglecting the  assumed slow var ia t ion  of (y ) i .e . ,  supposing t h a t  t he  der iv-  
P M' 

a t i v e  d (y  ) i s  very s l i g h t .  a t  P M 

d. Local volume o s c i l l a t i o n s  

For volume o s c i l l a t i o n s  i n  the  channel cons t i tu ted  by two consecutive 
vanes, formula (l3A) furn ishes  an addi t ional  s t r e s s  

*: 
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I 

designates the dis tance from the  midpoint t o  a r a d i a l  ' yP 
and, f o r  each blade 

axis 0% passing through the  blade base. 

an equivalent formula i n  ms(W (y -  if we adopt f o r  y the  form 
The consequences of t h i s  l o c a l  volume o s c i l l a t i o n  can be inves t iga ted  by 

m u p  P 

NO 

Actually, t he  difference between Yp+l - yp-1 and Yp - Yp-1 i s  expressed by 
2 

NO 
NO 

.- . -  - .  . 

and it i s  s u f f i c i e n t  t h a t  N 

neg l ig ib l e  wi th in  10  percent. We therefore  take 

i s  grea te r  than 7 s o  t h a t  t h i s  term w i l l  be 
0 

Chapter 4 discusses s p e c i f i c a l l y  t h e  d e t a i l s  f o r  applying formula (16) .& 
The conditions under which the  subject of influence of t h e  f r e e  vo r t i ce s  has 
been neglected throughout t h i s  sect ion should again be spec i f ied  from d i f f e r e n t  
viewpoints : 

-- F i r s t ,  i n  regard t o  the absence of detachment. Ci rcu la t ion  va r i a t ion  
i n  a nondetached regime generates damping and i s  inevi tab ly  expressed by emis- 
s ion ,  s t r i c t l y  a t  t he  p r o f i l e  t i p ,  of f r e e  vo r t i ce s  p a r a l l e l  t o  the  span. 
These vo r t i ce s ,  i f  they were generated i n  a nonviscous f l u i d  by some process ,  
would modify the  l i f t ,  which  is calculated on the  b a s i s  of t he  l inked vor t ices ,  
and a l s o  the  aerodynamic moment. 
in f luence ,  because the  r o t a t i o n a l  energy they contain i s  r ap id ly  d iss ipa ted  
i n t o  hea t ,  s p e c i f i c a l l y  i n  the  case of bending vibrat ions,  f o r  which t h e  
damping e f f e c t  r e s u l t i n g  from r e l a t i o n  (14) i s  due t o  a va r i a t ion  of I) (or  i n -  
cidence, see Chapter 6, f i g s .  16 and 1.7). 
the  incidence va r i a t ions  may have no influence on the  aerodynamic moment i f  t h e  
mechanical axis of t o r s ion  runs s u f f i c i e n t l y  close t o  the  cen te r .  W e  must then 
introduce the  " i n s t a l l a t i o n  function" f o r  l i f t  calculated by Wagner (ref. 23) ,  
s ince  t h e  orders  of magnitude are  s u f f i c i e n t l y  low t o  be compared with those of 
i n t e r n a l  damping of t he  blade m a t e r i a l .  

I n  viscous f l u i d ,  these  vo r t i ce s  have l i t t l e  

However, f o r  t o r s iona l  v ibra t ions ,  
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-- Second, i n  regard t o  detachment, We spec i fy  f u r t h e r  (Chapter 5 )  how 
- on the extrados the r i s e  of the o r ig in  of the f r e e  vor t ices ,  which introduces 

f luc tua t ions  i n t o  the geometry of the  ve loc i ty  diagram, causes cance l la t ion  
of the damping or ig ina t ing  these vortices i n  the  absence of detachment. On 
t h e  experimental plane, the d i s t inc t ion  between a l t e rna te  vor t ices  r e su l t i ng  
from c i r cu la t ion  o s c i l l a t i o n  and vort ices  released i n  a detached regime i s  
pe r fec t ly  c lear ,  s ince the detachment can be observed i n  the absence of vibra- 
t ions  (e .g., a i r c r a f t  s t a l l i n g ) .  

I n  the  f i n a l  ana lys i s  w e  thus f i n d  t h a t  it i s  entrance of vor t ices  pre- 
ex i s t ing  under a detached regime i n t o  an o s c i l l a t i n g  regime which provokes the 
i n s t a b i l i t y ,  whether t h i s  concerns an i so la ted  p r o f i l e  o r  a cascade (except f o r  
some differences discussed a t  the  end of Chapter 4) .  
fa t igue  rupture has ever been observed on i so la ted  p r o f i l e s  v ibra t ing  under 
f lexure .  However, the  exis tence of i n s t a b i l i t y  through detachment i s  evident  
a t  l eas t  i n  the re laxa t ion  osc i l l a t ions  of a f l a g  because the wing loads of 
i so l a t ed  p r o f i l e s  a re  too  s l i g h t  t o  present any danger of f a t igue .  Certain 
precise  f a c t s  determined i n  regard t o  cascade p r o f i l e s  operating a t  high tem- 
pera tures  (f irst  s tage of steam turbines)  ( r e f .  13) confirm t h i s  viewpoint. 

It i s  probable t h a t  no 

F ina l ly  we should add t h a t  the  preceding reasoning was developed by taking 
t h e  r e s u l t a n t  of the aerodynamic s t resses ,  imp l i c i t l y  assumed as uniformly 
d i s t r i b u t e d ,  i n  the  center  of the blade axis. To conserve the general  charac- 
t e r  of the  expo&, we s h a l l  consider i n  the following, whenever'necessary, t h a t  

the aerodynamic stress (F + dF ) 7 is  applied t o  an element of the  blade 

axis wi th  length d l  i n  the  center  of t h i s  element. 
._ 

Y Y 

3.4 E l a s t i c ,  I n e r t i a l  and Centrifugal S t r e s ses  

We do not  inves t iga te  the  case of blades joined a t  the top  because one /42 
of the s tudy ' s  object ives  is  prec ise ly  t o  provide a b e t t e r  knowledge of the 
v ibra tory  phenomena so as t o  avoid recourse t o  devices which i n h i b i t  these  
phenomena and reduce y i e ld .  

The blade i s  considered as a r e l a t ive ly  short ,  f l e x i b l e  knife  blade with 
t o r s i o n a l  deformations consequently negl igible  i n  comparison t o  bending deforma- 
t ions .  
mass P i s  assumed t o  be concentrated i n  a s  many points ,  equid is tan t  from the 
blade axis and taken as  an odd number, a s  i s  necessary t o  a t t a i n  the desired 
p rec i s ion  i n  evaluating t h e  mechanical stresses ( r e f .  2 3 ) .  

This blade i s  implanted a t  the o r i g i n  of the xyu axes along Ox, and i t s  

Figure 13 represents  the breakdown i n t o  three  punctiform masses. 
lowing t h i s  simple example and temporarily disregarding t h e  cent r i fuga l  forces ,  
we s h a l l  show how a complete calculat ion should be car r ied  out i f  we des i r e  
anything other  than an ana ly t i ca l  explanation of t he  phenomena of v ibra tory  
damping i n  the turbine blading. The f igu re  shows t h a t  the  e l a s t i c  l i n e  i s  
broken i n t o  four  Qections i n  accordance with the  fou r  d i f f e r e n t i a l  equations 

By fol- .  
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(For convenience i n  ca lcu la t ion ,  t h i s  sec t ion  assumes t h a t  F i s  indepen- Y 
dent of t i m e .  I n  the contrary case, the pendular" equations (19) a re  replaced 
by equations t h a t  a l l  have the  same second member F /3. 

e l a s t i c  deformation of a blade i s  made i n  the same manner. 
aerodynamic damping forces  a re  small i n  r e l a t i o n  t o  the  o ther  s t r e s s e s  applied 
t o  the  e l a s t i c  l i n e ,  so t h a t  the r e s u l t s  obtained i n  t h i s  s ec t ion  and per- 
t a in ing  t o  na tu ra l  frequencies and maximal values of t he  e l a s t i c  s t r e s s e s  
a re  independent of the  r e s u l t s  obtained for vibratory damping i n  Chapter 3 . )  

Inves t iga t ion  of the  Y 

I n  addi t ion,  the  



/43 For equation (l7)h we desire -a solut ion of the  form 

and we  have y", = inb. (z) 11 ( I )  = 0, i. e. , .inb, = 0 

where f designates the i n i t i a l  amplitude of point  Y i n  f igu re  13; f '  , which 
0 3 0 

def ines  the blade inc l ina t ion  on Ox, r e s u l t s  from fo and w i l l  be furnished a s  

the r e s u l t  of calculat ion;  h i t )  i s  a sinusoidal funct ion a t  i t s  maximum a t  the 
\ 

i n s t an t  zero and consequently must be taken equal -to 
t h i s  maximum may vary between values grea te r  o r  l e s s  
i f  damping occurs, depending on whether t h i s  damping 

We a l s o  des i r e  f o r  equation (17) a so lu t ion  of 3 

and w e  have 

1 a t  t h a t  i n s t an t ,  but 
than 1 during v ibra t ion  
i s  negative o r  pos i t i ve .  

the  form 

and f u r t h e r  

The separat ion of t he  var iab les  assumed a t  the  beginning consequently /44 
I presupposes 

which, wi th in  the constant term, leads t o  the pendular equation 

Subsequently, we deduce the  th i rd  sec t ion  equation from 
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where the  in t eg ra t ion  l i m i t  'conditions a r e  

o r  
5 1  

Ya (7) = Y4 (Y)  
I n  the  case of equation (17)* we successively have 

with the  new l i m i t  conditions of the in t eg ra t ion  

For equation (17)1 we f i n a l l y  have 

with t h e  l i m i t  conditions a t  the  recess  supporting the  blade base' 

I .  



I ?i 

~ 

The three constants K,, K2, K1 which appear i n  the  pendular equation /45 I J 

I are  l i n k e d  by the  r e l a t i o n s  
ta ined and make it possible 

expressing t h e  uniqueness of the  three  forms ob- 
t o  assign it a unique number, or  (lg), 

The denominators may be expressed as a function of the magnitudes f and 0 

fb introduced f o r  t he  f irst  sec t ion .  .To obta in  these expressions, it i s  su f -  

f i c i e n t  t o  in t eg ra t e  : 

(a)  i n  t h e  case of f" 
3, 

hence 

and 

2 x 1  

(b )  i n  the  case of f" 

where t h e  constant i s  determined by the following condition stated above 

taking i n t o  account the r e l a t i o n  obtained previously 

hence 

. 



and then ' 

or ,  taking i n t o  account the  equation 

(c )  i n  t h e  case of f "  and by analogy with the  r e s u l t s  obtained ' ,M 

The denominators of t h e  f r ac t ions  i n  %, K2, K therefore  are 3 

and f i n a l l y  we must solve an equation i n  ra 

K2 
31 

. .  

equation which i s  furnished by the  condition 
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or 

The value of f t o  r e s u l t s  from ca lcu la t ion  of ra on the.  bas i s  of the  rela- 

t i o n  furnished by the  condition 

or  

from t h i s  w e  then w i l l  deduce the  values of K1, K2, . K3 
More general ly ,  a breakdawn i n t o  (2n' + 1) punctiform masses furnishes  

a sequence of (2n1 + 1) values of K, anq, consequently 2nf r e l a t ions .  
d i  t i o n  

The con- 

furn ishes  the (2n' + l ) t h ,  which is solved by an equation of degree (2nf + 1) 
i n  ra with the value of f' deduced from 

0 

Y'JO)  = 0. 

Among the roots  of the equation i n  ra, a t  l e a s t  one of which i s  r e a l ,  /4.7 
w e  s e l e c t  the one which corresponds t o  the  lowest frequency value t o  obtain the 
fundamental, and the  successive p a r t i a l s  a re  obtained with a prec is ion  in-  
creasing with n ' .  

We f i n a l l y  obta in  a unique pendular equation whose s t ruc tu re  makes it pos- 
s i b l e  t o  inves t iga te  the  vibratory blading damping wi th  a control lable  preci-  
s ion i n  ca lcu la t ing  e l a s t i c  stresses; subsequently w e  w i l l  inves t iga te  damping, 
using a very rough approximation of the e l a s t i c  s t r e s s e s  (nf  = 0) .  

This r e s u l t  shows t h a t  it i s  possible t o  consider with equal accuracy the 
cen t r i fuga l  s t r e s s e s  i n  accordance with the  breakdown given i n  f igu re  14. Each 

elementary mass undergoes an accelerat ion i n  the d i r ec t ion  of increasing 
2n' + 1 

x ' s  and equal  t o  



The r a t i o  of the  two terms thus demonstrated i s  

s ince q' i s  the  order number f o r  t h e  respective mass according t o  the  breakdown 
adopted, and 2n' + 1 i s  the  t o t a l  number of the corresponding masses. Having 
t o  consider only the  r e l a t i v e l y  sho r t  blades (20 cm) s e t  i n t o  ro to r s  whose 

r a d i i  e a s i l y  reach 3O'cm, w e  can neglect 

I n  these  expressions, w designates r o r  

(2 q' - 1) 0: ' I the  term i n  - 2 ( 2 n ' +  1) 

the  frequency of machine r o t a t i o n  Nm, 



CHAPTEB 4. FLTNDAMENTAL EQUATION OF VIBRATORY MOTION 

4.1 Statement of the Fundamental Equation 

I n  conformance with the diagram of forces  i n  f igure  14 corresponding /48 
t o  the case re fer red  t o ' i n  the preceding chapter, f o r  which n 1  = 0, we can 
wr i te  (p designating the order number of the respective blade) 

HOFjever, t h i s  approximation is  incorrect  f o r  the component of F 

a funct ion of time. 
i n  equation (14) i s  a l so  a f'uncti?n of x through Y 

of equation (20) should include a term i n  

t h a t  i s  Y 

From formula (l5), the increase of c i r cu la t ion  dy given 
and the complete statement 

P 

which precludes so lu t ion  w i t h  the aid of separate var iables .  
w i l l  not construct  a function Y of space and time i n  successive s tages ,  

assuming t h a t  the  separat ion of v a r i a b l e s  presupposes, as  indicated i n  para- 
graph 3-b of Chapter 3, an experimental adjustment of the  damping coe f f i c i en t .  
It should be remembered tha t ,  during vibrat ion,  the  exchange of mechanical 
energy i s  made between poin.ts on the  e l a s t i c  l i n e  and t h a t  the measurements of 
the damping coef f ic ien t  depend s t r i c t l y  on the point  of the e l a s t i c  l i n e  
se lec ted  t o  car ry  them out. 

In  p rac t i ce ,  we 

P 

Y' 
I n  t h e  s implif ied equation thus obtained, the complement of un i ty  of F 

'P-I), r e s u l t s  from formula ( i 6 ) ,  with the order of the blades being 
('P 
counted following y. Thus, the balance of the quan t i t i e s  of motion l o s t  i n  
discharge from the ro to r ,  spec i f i ca l ly  i n  the case of a c i r c u l a r  cascade, w i l l  

r 



I !  
I 

fo rces  

--I-; I n e r t i a l  forces  t .  
Figure 1 4  

be co r rec t  i n  absolute and i n  algebraic values. 
then  dF 

provided the  d i f fe rence  Y 

(For example, i f  y < 0, /49 
i s  a pos i t ive  increase of the  fo rce  applied t o  the blade of order p, Y 

- Yp-l i s  pos i t ive . )  P 

the  normalization of the (2n’ + 1) equations ( l g a ) ,  
F ina l ly ,  t o  solve equation (20) we u t i l i z e  r e l a t i o n  (19) r e s u l t i n g  from 

( lgb ) ,  ( l gc )  i n  the  form 

with 

and equation (20) becomes 

This equation i s  l i n e a r  and o f t h e  second order; hence i t s  general  so lu t ion  



The determination of A and B r e s u l t s  from t h e  l i m i t  conditions: 0 0 

A, ch ( y )  + Bo sh ( y )  = 0, 

from which 
. (Kl 1 - f (i)) ch -2 UI .- -u- K f  sh (-2 Uf ) = 0;  

Equation (19A) i n  h i s  therefore  wr i t t en  as 
P 

o r  

which i s  the  f'undamental equation desired if we disregard the damping 
of me ta l l i c  f r i c t i o n .  

ac t ion  
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4.2 Natural Frequency of an  I so la ted  Blade 

From equation (IgB) it i s  possible t o  reproduce the  na tura l  frequency of 
the i so la ted  blade within a f l u i d  at r e s t ,  i .e ., the  one measured i n  prac t ice  
on the machine ro to r  a t  r e s t ;  t o  achieve t h i s ,  the term representing the ten- I 

t r i f u g a l  forces  i n  W' R and the terms representing the aerodynamic forces  i n  - 
1- 

, F must be made t o  tend toward 
I Y 

Let us s t a t e  

and l e t  us consider the l imi te  

zero. 

Ul uo = - 2 
- 1  

/51 

de ve lopme n t  

This development allows us t o  write 

from which 

and equation (19) becomes 

from which we deduce the  na tura l  frequency (as a very rough approximation 
here)  

This i s  the fundamental equation. The p a r t i a l  equations a re  obtained w i t h  
a more complex formulation as indicated i n  Chapter 3 and, with them, a value of 
N a s  much more accurate as they a r e  numerous. P 



4.3 Approximate Linear i ty  of the  Fundamental Equation 
\ 

I 

The l i n e a r  character of the fundamental equation r e s u l t s  from the  d iv i -  
s ion  i n  two p a r t s  of y given i n  regard t o  equation (15B), which makes it pos- 
s i b l e  t o  wr i te  

?i 

and consequently, i n  equation (19B) 

i s  an inf in i tes imal  of the f i r s t  order and, con- , % 
Y 1  

From formula (15B) 

sequently, the term i n  F (t) i n  t h e  f i r s t  member i s  negl igible  i n  r e l a t i o n  t o  

the term i n  F Similar ly ,  the term i n  F (t) h ( t)  i n  the  second member i s  
Y' Yl P- 1 

negl ig ib le  i n  r e l a t i o n  t o  the term i n  F h ( t) .  In  addi t ion we s h a l l  /52 
Yo  P-1 

see i n  d e t a i l  i n  Chapter 5 how decomposition of the product y s i n  (cot  + j )  1 

F", (L> dhp( t )  included i n  introduces i n t o  the f i rs t  member a term i n  and a term 
a t  

i n  h (t). It w i l l  su f f i ce  here t o  s t r e s s  t h a t ,  by s t a t i n g  F e x p l i c i t l y  a s  a 
P Y 

funct ion of yl, we give equation (IgB) the  form 

61 



\ Or 

+ bh', + (c + I,) h, = d + IC h,,-, + f sin 09C) 

by taking i n t o  account the r e l a t i o n  (1'jA) and by introducing a phase-shif t  
function of order p defined i n  the following section, which i s  zero f o r  the  
blade of the order No. We thus have 

m, W: - 12 sin + cos m IC =- -- 
' \ / l -Ma.P  cos (+ - m)' 

rn , .W:-P . - T . cos26 - . - I -__ .  *cos2m C d ' I + I  -dp(Re) .2s in-  Id 
2 '  1 (f ) *- cos e, 

We can already note t h a t  the  coef f ic ien ts  a and c of equation (1%) are  
wr i t ten ,  i n  the absence of aerodynamic s t r e s ses ,  as 

. c  a = I ;  c = 2 k 2 . 0 :  . R ;  a" a;. 

It i s  a l s o  important t o  note t h a t  equation (19C) contains only a term of 
s e l f - exc i t a t ion  due t o  the  wake of the p ro f i l e s ,  and does  not take i n t o  
account any other  exc i t a t ion  forces .  These forces  r e s u l t  most of ten  from 
breakdown 'of the f lux  of a development i n  a Fourier s e r i e s  ( r e f .  25) i n  r e l a -  
t i o n  t o  the  mult iples  of the exc i ta t ion  frequency, and the  presence of these 
forces  may be expressed by frequency and amplitude modulation of the v ibra tory  
phenomena due t o  se l f - exc i t a t ion  when t h e  orders of magnitude a re  comparable. 

F ina l ly ,  we should fu r the r  s t r e s s  t h a t  the frequency W appearing i n  the 
second member, i . e . ,  the  vibratory frequency of the respective blade, i s  a 
p r i o r i  d i f f e r e n t  from the n a t u r a l  blade frequency w0 which can be observed by 

revolving the ro to r  i n  vacuum taking in to  account the  cent r i fuga l  forces .  

4.4 Inves t iga t ion ,  of the System of Equations (19) Representing 
t h e  Vibrations of All the  Blades i n  the Cascade 

Equation (19C) i s  included i n  a system which cons is t s  of as  many equa- /53 
t i o n s  as the  cascade has blades 
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I ah", + bh', + (c + I,) h, = rf + I, hN, + f sin (o f + j -2); 19.1 \ 
4 x  

( ah', + bh', + (c + lC) h, = d + I, hl + sin (1) 1 + i -.io); 19.2 
............................................................ 

2 P X  

bra-  I n  ,he case of a c i r c u l a r  cascade, t he  phase s h i f t  2 between the  v 
N o  . 

t i o n s  of two consecutive blades, which i s  assumed i n  the  formulation of such 
system, i s  the  consequence of a simplifying hypothesis according t o  which the  
cascade and t h e  flow passing through it are  pe r fec t ly  symmetrical i n  a sym- 

metry i n  2. 
231 and, i f  we admit t h a t  the  phase s h i f t  a t  the  p-th blade i n  r e l a t i o n  t o  the  
(p  - 1 ) t h  blade i n  r e l a -  
t i o n  t o  t h e  p- th  blade, it i s  c l e a r  t h a t  t he  phase s h i f t  then must be equal t o  

The phase s h i f t  of one blade i n  r e l a t i o n  t o  i t s e l f  i s  equal t o  
NO 

blade i s  equal t o  the  phase s h i f t  of the (p + 1 ) t h  

- 2.ir. I n  p rac t i ce ,  we occasionally observe phase s h i f t  values between consecu- 
nT 

l\l 0 
t i v e  blades equal t o  2mo ' , which leads t o  the  assumption t h a t  phase s h i f t  o f '  

0 
one blade i n  r e l a t i o n  t o  i t s e l f  i s  2mo K, where m i s  a whole number. 0 

I n  the  case of a r e c t i l i n e a r  cascade of t he  type investigated i n  Chapter 
2, we can i d e n t i c a l l y  conclude t h i s  by assuming t h a t  t h e  first and t h e  l a s t  
blade were placed a t  a d is tance  from the  wind tunnel walls equal t o  t h e  cascade 
p i t c h .  

A. General Solution of t h e  Equation f o r  Vibration Without 
t he  Second Member 

Solu t ion  by successive subs t i t u t ion  l eads  t o  a l i n e a r  d i f f e r e n t i a l  equa- 
t i o n  wi th  constant coe f f i c i en t s  on the order of 2No i n  hN 

i s  

whose second member 
0' 

l a pe r iod ic  function of c u t .  The corresponding c h a r a c t e r i s t i c  equation i s  



ora + br + c + Ie)aw- Ip = 0. 
. .  

Each kp function cons t i tu t ing  the desired so lu t ion  i s  therefore  ob- /54 
ta ined from a s ing le  equation with the c h a r a c t e r i s t i c  values 

ora + br + c = 0, (22) 

Thus, a l l  the preceding appl ies  t o  each blade of t he  same cascade, and speci-  
f i c a l l y  the  ca lcu la t ion  of t he  damping coe f f i c i en t ,  i n  t he  form 

B. Spec ia l  Solution of System (19) when the  Equations are 
Written with t h e i r  Second Member 

Within a c e r t a i n  approximation which w i l l  be as much b e t t e r  a s  the  number 
No of t h e  blades of t he  cascade i s  grea te r ,  system (19) permits the  following 

spec ia l  so lu t ion  

d ’  

. ,  

/ . cos j . 
c - a 01’ 

h, = 

b w  
c -  a ~ 4 ’  

t g j  = 

23.2 I 
23.3 

We thus  have 

and consequently, by subs t i t u t ion  i n  equation (19C) 
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I n  t h i s  l a s t  equation, the introduction of r e l a t i o n  (23.2) y i e lds  

or  a l so ,  considering r e l a t i o n  (23.3) 

/55 This l a s t  i d e n t i t y  i s  ascertained within the second order,  s ince I, i s  

an in f in i t e s ima l  of the f i r s t  order,  as i s  the deviat ion angle J r ,  when N 

i s  s u f f i c i e n t l y  la rge  so t h a t  i t s e l f  .is an in f in i t e s ima l  of the f i r s t  order 
0 

Nn v 

( s i n  = 0.26 fo r  No = 12). 
NO 

C .  Complete Solut ion of the Fundamental Equation , 

From t h e  foregoing, so lu t ion  i s  obtained by superimposing the spec ia l  
so lu t ion  (23) on the general  solut ion of equation 

ah" + bh' + ch = 0, 

which r e s u l t s  i n  the  study of damping and of s t a b i l i t y  which are  the subject  of 
Chapter 5.  

This method of so lu t ion  obviously supposes t h a t . t h e  i n i t i a l  conditions a t  
the time of re lease of the cascade blades a re  pa r t i cu la r .  I n  the more general  
case, t h e  cha rac t e r i s t i c  equation must be t r ea t ed  a s  an equation with multip1.e 
roots .  Also, 2No solut ions f o r  the equat.ion without second member can each be 

found separa te ly  by cons t i tu t ing  exponential products using polynomials. The 



. p a r t i c u l a r  case under consideration i s  the  one i n  which the  constant f a c t o r s  
a f f ec t ing  these  products are zero. 

We are  s a t i s f i e d  with t h i s  p a r t i c u l a r  case because the i n s t a b i l i t i e s  which. 
would not come under any predetermined i n i t i a l  conditions system would have no 
physical s ign i f icance  and would not e x i s t  i n  prac t ice .  
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C m E R  5.  INVESTIGATION OF DAMPING 

The preceding chapters make it possible  t o  l i m i t  t h e  inves t iga t ion  t o  
t h a t  of t he  t y p i c a l  equation 

ah" + 6h' + ch = f sin (o 1 + j ) .  

dh 
a t  1 

The coe f f i c i en t  b of - is  the  sum of two elements b and b2. The more 

important, bl, r e s u l t s  from formulas (15) and (15B). 

We r e t u r n  t o  equation (19) 

and t h e  d e f i n i t i o n  of F given i n  Chapter 4 Y 

and without damping we would have i n  these expressions 



. or  s ince h i s  a funct ion slowly variable i n  time, 
P 

from which we deduce 

The second element, b2, representing the  mater ia l  s i n t e r n a l  damping, 

can be conveniently expressed by the  logarithmic decrement of v ibra t ions  ob- 
served i n  still a i r  wi th  t h e  rotor stopped 

/57 
' 

To sum up, the inves t iga t ion  must proceed from equation 

ah" + bh' + ch = f sin (w 1 + 13 

with  t h e  following coe f f i c i en t s  
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\ a = I ,  

5.1 Vibratory Frequency i s  Equal t o  Natural Frequency 

From formulas (23.3) and ( 1 5 A )  we have 

0 id c -  a om = b w cotg j = - b o  tg-, 2 

or ,  by der iv ing  a, b and' c from re l a t ions  (24) 

o r  

s ince t h e  t r u e  frequency w i s  i n  pr inc ip le  on ly . s l i gh t ly  higher than the  /58 
n a t u r a l  frequency . 

The na tu ra l  frequency wo i s  by de f in i t i on  

. .  . .  . 
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I 5.2 With No Self-Exciting Force Due t o  Detachment a t  t he  P r o f i l e  Tip, 
the Fluid Damps t h e  Blading Vibrations 

The second of r e l a t i o n s  (24) allows us t o  def ine  the  damping coefficien'c 
i n  t h e  form 

with d e f i n i t i o n  of t h e  t i m e  of passage t given f o r  formulas (15) d 

and with no account of an experimental proportional adjustment. 

Figure 7 furnishes t h e  geometric elements f o r  ca lcu la t ion  of Wm 

t i o n  of Wl, m and p through appl icat ion of t he  b i sec to r  theorem 

'W \/cosa (JI - m )  + cos2 m - 0,5 sin' JI w, = e 

-- 
from which 

. w * i * d = - -  e w  d2 cos (4 - m) 
w1 ' O s  '1 \/cos2 (JI - m )  + cos2 m - 0,5 sin8 t+ 

and formula (25) 

\ /2cos (J, - m) 
dcos2 (+ - rn) - cosa m - 0.5 sin' JI 

as a func- 

The formula  shows t h a t ,  without' any se l f - exc i t i ng  forces ,  the f l u i d  it- /59 
self damps the  v ibra t ions  of the blading approximately proportionally t o  the  
i n c i d e n t  ve loc i ty .  



5.3 A Self-Exciting Force Can Lead t o  Negative Values of 
the Damping Coefficient 

To construct  the general  solut ion f o r  equation (19C), it i s  necessary, a s  
shown i n  Chapter.4, t o  solve the equation.with no second member 

- 
A,, - ah" + - / a  - c h' + ch = 0 x 

which furnishes  
- %"*I 

h = e (T, cos W, I + TI sin W, f) 

with 

and t h i s  general  so lu t ion  appears i n  the form 

Ani -- 
h -- e zn u * ' ( ~ l  cos Q1 i + T* sin W 1  I )  + A, sin 0 I ,  

. .  

where T and T a re  determined by the i n i t i a l  conditions 2 1 

However 

. .  
Am dh -- 

dt 
-- - e  2 n U ' J - T T , * o , s i n ~ l f  +T,w, .cosw,f  [ 

from which 

or  

Am - -mol 
-A--"*oo * e  2n ] T,cosw,t + T, *sin o,I [ + h,,' w 6 cosw I ,  ' 

* 2 n  

We simplify by taking 

"1 # q l  # a* 
.. .. . .  



~ We then f ind 

(3 or ,  multiplying t h e  two members of the equation by f 

It i s  then convenient t o  express the r a t i o  Y i n  the form of the  product 

of a sine by an aperiodic time function representing evolution of the pseudo- 
amplitude yM, and consequently defining t h e  corresponding damping 

YO 

o r  

Yo 
I 

which gives 

Consequently, a , cond i t ion  necessary f o r  negative damping t o  succeed posi- 
t i v e  damping during blading operation i s  

YUJ A m  1 >- >i&’ 
~ Yo 

and we s h a l l  see t h a t  it i s  suf f ic ien t .  

L e t  us f irst  note t h a t  where 

Yo < Y,., 
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c damping i s  negative upon r e l e a s e  i n t o  the wind a t  amplitude y i n  t h e  opposite 
case t h i s  condition must s u f f i c e  so tha t  the  equation 

0 ;  

s a t i s f i e d  i n  a l l  cases where t + m, a d m i t s  another p o s i t i v e  r o o t  i n  t, 
or  else so  t h a t  

' /61 

or 

. 

It does s u f f i c e  because it makes the  second member of equat ion  ( 3 2 )  p o s i t i v e  
and permi ts  expression of t h e  logarithm of i t s  two members. 

To use equation (32), it i s  convenient t o  spec i fy  ym by comparing the  l a s t  

r e l a t i o n  i n  (24) and r e l a t i o n  ( 2 5 ) ,  where we f ind  t h a t  

from which 

/ . cos  j f a  sin j f 
~ - a d ' -  bo - bw' --- kR= 
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c m m  6. COMPARISON WITH MPERDIENT 
CORRESPONDENCE BETWEEN NOTATIONS 

With the r e s u l t s  obtained during the invest igat ion presented here, it 
seems possible t o  in t e rp re t  the experiments made i n  the cascade wind tunnel 
a t  Chalais-Meudon by M. Leclerc, Research Engineer a t  ONERA, and reported i n  
Recherche Gronautique, No. 71 (July-August 1959) . 

/62 

Figure 15 shows the cascade's overal l  configuration. 

Figure 16 gives the geometric elements of these experiments and f igure  17 
gives the same representation with the notations fromthe study. 
the  end of t h i s  sect ion spec i f ies  t h i s  correspondence. 

The t ab le  a t  

Figures 18 and 19 subsequently specify the ef sign whose absolute value i s  

no other ,  i n  the t o t a l  absence of detachment, than one-half the angle a t  the 
apex of the  p ro f i l e  t i p :  

absolute value of ef # - 1 # 60. 
10 

, 
/ 0 0' - 

Direction of ro t a t ion  
d 

/ equivalent 
/ 

. - -  r o t o r  

Figure 15 

t, Pitch; c, chord; h = -, t reduced pitch; 8, s e t t i n g  = 4 5 O ;  
C 

i, incidence (posi t ive on deceleration cascade a s  i n  f i g u r e ) .  
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Designation Theore t i c a l  
not a t  ions 

WI 
I 

Relative incident ve loc i ty . .  1 
Incl inat ion of w1 on 0, .... 1 - m  

I \ '  

Incl inat ion of ~2 on 0, .... 
. Mean f l u i d  deviation ....... 

Prof i le  s e t t i ng  ............ 
............. Absolute p i tch  ( 4 ............. Prof i le  chord 1 Cd 

r Reduced p i tch  '.. ........... 

Experimental 
notations 

Even though approximate, the actual  value of ef can be deduced from 
the curves giving the var ia t ions of  the number of pressure a t  constant 
veloci ty  and variable incidence such as  f igure 6 on page 61 of Recherche A&o- 
nautique No. 71. 

/64 

6 1 Demonstration of Detachment ' 

From the expression of the number of pressure 

... 

we de r ive ,  the value of 

cos (i 4- :) 
(l ) \ / l -Nb ' 

cos - f e l  = ___ 

Table 5 and f igure 20 give graphic representation of t h i s  and show t h a t  
the tes ted  blading ac tua l ly  operates i n  expansion (a2 > al) f o r  values of the 

incidence i between zero and -15'. 
discharge angles are  p rac t i ca l ly  equal, i . e . ,  t r ans i t i on  from the configura- 
t i o n  i n  f igure 18 t o  t h a t  i n  f igure 19 does not occur, thus indicat ing t h a t  
only negative incidence can va l id ly  be considered. 

When incidence i s  posi t ive,  the intake and 

By a scale  change, f igure 20A shows t h a t  when incidence assumes increasing- 
l y  high values, the difference I$ ceases t o  increase with incidence, i .e . ,  the 



, 

I 1 - 15. -loo - S O  

20° I 

+so i Gr m-lr/4) 
. -. 

Figure 20 

Figure 20A 

l o c a l i z e d  detachments responsible f o r  in t roduct ion  of the  term i n  d ( R e )  tend 

t o  be genera l ized  and t h a t ,  simultaneously, any supplementary energy t r a n s f e r  
of f l u i d  t o  blading occurs i n  a disordered manner , , spec i f i ca l ly  i n  a v ib ra to ry  
form intermediate between t h e  thermal and mechanical forms usable i n  the  
machine s h a f t .  

P 
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I 
I 
I 6.2 Evaluation of C, 

We r e l a t e  t h e  aerodynamic fo rce  t o  t h e  product of t h e  dynamic p res su re  /67 
by the  blade sur face  

wi th  

-- 1 W, sin I$ r W, sin (i -- el)  - = +  
cos (: + e,) ’ Y =  cos(+--) 

- .- . 

from which 

For the  app l i ca t ion  considered, 

- -  (‘I - r e l a t i v e  p i t c h  = 0.587 and el = 5 .  
‘d 4 

Table 6 g ives  the  values of C, corresponding t o  t h i s  l a s t  formula. Figure 

21 g ives  graphic r ep resen ta t ion  of t h i s  and makes it poss ib le  t o  note t h a t  for :  

Figure 21 
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i = -8' 3 0 ' ,  C, i s  0.255 theore t ica l ly  and was measured a s  0.240; 

i = -6' 3 0 ' ,  C, is  0.225 theore t ica l ly  and was measured a s  0.200. I 

The difference i n  the two cases i s  less than 13 percent, i .e . ,  low enough 
t o  confirm the theory developed i n  the preceding chapters. 

6.3 Calculation of ( w ~ , ~ )  

We proceed t o  numerical application of formula (25). 

A .  Estimated Weight of a B l a d e  ( f ig .  18~) 

We use 8 for the  s t e e l  densi ty  and consequently 

I '  

2 
1 ,7*0 .2+  x ' 0 2  -'--+ 1.13.0,l 

8 

= (0.34 + 0.016 + 0.113) 160 = 75.04 gram. 

B. Ekpression of the Compressibility Coefficient a s  ' a  Function of 
Velocity W1 = 20 with W i  i n  m/sec. 

C 

/68 

M = '5 330 \/0.5 + cos¶ (i + F) = 0.0606 W,, 

C . Expression of Dynamic Pressure 

1.225 lo-' * 0.587 * 20 - 2.93 4 * 10' W:, m, (T) a 1 W: = -____- = 171.8 W:, g/cma. 0.981 loa 

4 
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D. Influence of Incidence i n  Absence of Detachment 

- - cos' m cos2 8, 
cos' (JI - m) 

cos' + e,) 

E. Influence of Cascade Frequency and Depth 

This y i e l d s  i n  formula (23) 

171,s W:, 0,02355 * cosa A -m- - d o  - - sin o Id 
75,04 * (1 - 0.002) W:, . 

F. Influence of F lu id  Passage In t e rva l  Through t h e  Cascade 

I n  conclusion, and s ince  Le i s  a c o e f f i c i e n t  of  adjustment t o  be determined 
experimentally d 

-- - - i,, + 0,06807 COS¶ w;, hc 

.- 
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I 

. 6.4 Influence of Detachment on the Damping Coeff ic ient  
I 

This can be demonstrated by expressing the Napieran logarithm av of two 
consecutive amplitudes which i s  the measured magnitude, t h a t  i s  

,The value of t, f o r  which aV i s  cancelled, is  the  root  of the equation /70 

1 

Ya, 
and can be specif ied,  provided w e  know - a s  a funct ion of Wx, i . e . ,  dp(Re). 

~ 

YO 

A. However, on t h e  hypothesis t h a t  the t i m e  elapsed between the i n s t a n t  
of r e l e a s e  i n t o  the  wind and the  i n s t a n t  of measurement of a, i s  constant for 

a l l  experiments, we can f i n d  d i r e c t l y  the  e s s e n t i a l  of the configuration of t h e  
curves a , ( W )  shown i n  Recherche Gronautique No. 71. We assume only t h a t  

YCCl 

YO 
varies l i t t l e  with R e  and t h a t  - i s  s u f f i c i e n t l y  la rge  i n  r e l a t i o n  t o  

& so  t h a t  we can neglect -. 4n We then have 
2x 

. 82 



.which gives the equation of a s t a b i l i t y  curve separating the plane W, Q i n to  
two regions 

w = w,- Wnlog +., 

A 

the case a t  ve loc i t ies  cancelling o u t a v .  

i s  posi t ive ( s t a b i l i t y ) ,  and within the other it i s  negative ( i n s t a b i l i t y ) .  
determine t h i s  curve we use: 

i s  ac tua l ly  roughly proportional t o  W when 0 i s  su f f i c i en t ly  small, which i s  

Within one of these regions, damping 

To 

m 

(1) W = 85 m/sec and I) = 15 + 6 = 21°, a case of cancellation of av ac- 

t ua l ly  observed a t  Chalais-Meudon, but  not referred t o  i n  Recherche Akronauti- 
que No. 71. 

(2) W = 65 m/sec and $ = 17.7 + 6 = 23.T0, the case referred t o  i n  f igure 
11 of the Leclerc communication (R.  A,, No. 71); hence the numerical expression 
of w 

(30.91 - 20 log +), 
1 W = -  0.0525 

which gives 

W = 72mls if + = 22.70; 

These values ac tua l ly  correspond t o  the other cancellation point of aV plot ted 

i n  the same f igure .  

var ies ,  t h i s  very simple formula shows t h a t  W should exceed 120 m/sec under /71 

Admitting t h a t  d (Re) r e t a ins  the same value although W 
P 

u the same experimental conditions so tha t  a, i s  cancelled when incidence drops 
t o  10.70 (from which 9 = 16.70). 

B. Actually, d (Re) can have a more precise def in i t ion  by c l a s s i c a l  con- 

Turbulence appears i n  the ducts when the Reynolds number reaches a so- 
P 

cepts. 
called " c r i t i c a l "  value between 1,000 and 10,000 and we formulate a probable 
supplementary hypothesis by using 
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I . wi th  

1 7  
cos 0, -.-. 

ma ' wm ' Cd Cd cd Re = = I< p w,, * p i + - . e o s o l  r 

cd 

1 r  
2o 0,587 0,7071 

2o f 0.587 0.7071 * 

4000 a2.93 m' cos 0, -._. 
- ___-_. - KF=-. 2 w m  cd cd cd 

Y 1 r  - 0.13 
2.93 

K p = 9,016 a, lo4 0,3913 = 3,528 * lo4. 

Determination of Ar r e s u l t s  from formula (33) a f t e r  we ca l cu la t e  - YO2 on t h e  
YO 

b a s i s  of equation ( 3 5 ) ,  i n  which w e  have e s t ab l i shed  the  d i f f e rence  of t i m e  
elapsed between t h e  i n s t a n t  of blade re lease  i n t o  v ib ra t ion  
measuring t h e  damping c o e f f i c i e n t ,  t h a t  i s  

and the  i n s t a n t  of 

Table 7 g ives  & f o r  a 15O incidence fo r  which we used an experimental ad jus t -  

ment c o e f f i c i e n t  from formula (25)- equal t o  1/6. 

F i n a l l y ,  assuming t equal t o  5 sec?>(a  new and very probable c a l c u l a t i o n  
hypothesis) and by wr i t i ng  t h a t  t he  coe f f i c i en t  av i s  zero when t h e  i n c i d e n t  

ve loc i ty  i s  85 m/sec and incidence i s  equal t o  15O, we f ind  

A, * Np.t c 200 * 0.01875 = 3.75, 

y"= e3,'16 = 0.1535, YO 

from which 

0.1535 
1,519 1.176' A, = 

d Re __ ( -) = 0.08593 log 1 3.528 W,, I. 
f (f) (37) 
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It i s  therefore  assumed t h a t  the experimental r e s u l t s  t o  be compared /72 
on these bases a c t u a l l y  are comparable, i . e . ,  t h a t  the  amplitude of re lease  

i n t o  the wind f 

was always car r ied  out a t  the same point on the  blade.  

did not  vary during the  experiments and t h a t  the measurement (3 

0,07875 

0,07875 

TABLE 7. EVOLUTION OF % I F  W VARIES AND TEE INCIDENCE IS -l?O. 
I 

0,07412 

0,07412 

x , - 4  + m = a, = 510- m i + - = - 150 + 450 = 300; I) = - i + el == 210 
4 

\/;cos (J, - m) 7 1.414 0.6293 = 0.8898; 0.5 + cos' (I + :) = 1,2500 

dcos' (J, - m) + cos' m - 0.5 sin* J, = 1.040; 
0,6807 cosa ( i  + f )  = 0.06807 * 0.75 = 0.05105 

0,1575 

0,1567 
~- 
0,9900 

4 
___- 

0,03183 

0,005305 

0 8808 * 0.3682 0.3150 . 1 
@ I. L-.---- , h = s  

1.040 Wz, w., 

0,1050 

0,1048 

0,9776 

9 

0,04878 

0,008130 

W'O 

0 ............................. 
Sin Q .......................... 

0,06658 

0,01110 

1 - 1,250 . 0,002 W;, ............. 

w:, ........................... 
0,07125 

0,01875 

/ /  2 ............ : . . . . A :  ......... 
II 

Am ............................. 

2 1 . 3  4 4J5 I 

0,9600 I 0,9548 
I 

16 I 18,0625 

C.  The t r a c e  of the  curve representing the var ia t ions  of av as a funct ion 

of W is  then s a t i s f a c t o r i l y  determined by formula (34) and was p lo t ted  i n  f i g -  
ure  22 by means of tab le  8. 
experimental curve i s  cer ta in ,  s p e c i f i c a l l y  near the point  of cance l la t ion  
which served t o  determine the value of Ar. 

curves determined a t  the 16.70 and 17.7O incidences w a s  invest igated i n  A and 
does n o t  c a l l  f o r  any other  comment since the  general  t rend of the respect ive 
curves i s  a l so  very similar t o  t h a t  of the  t h e o r e t i c a l  curve. 

The s i m i l a r i t y  of the  t h e o r e t i c a l  curve t o  the 

The r e l a t i o n  with the  experimental ' 



TABLE 8. EVOLUTION OF a, WHEN W VARIES,  INCIDENCE IS -15O, 

AND DELAY I N  MEASURING a, IS 5 SEC. 

3 4 

3,528 Wz, ......................... 7,056 10,584 14,112 

log ] 3,528 . Wt,, I ................... 0,84856 

0.07292 

1,02449 

0,08799 

1,14953 

0,09873 dl1 (Re) ............................ 
I(;) 

Cd._l.+J co9 @, ............................ . 1,519 

0,1107 

1,519 

0,1336 . 

1,519 

0,1500 - !I, 
u o  

............................... 
e .  

200 Am ............................ 1,061 1,626 2,222 

9,927 

1,349 

2,904 

~~ 

5,125 

0,5512 0,2108 

Num. 1 e200Am - 1 I ............ ;. ... 1,004 1,304 2,559 

1,234 ~ ] e ~ O k n - f  I ................... 
I l O  

Den. I e--2(aF-Am) I .................. 

0,2092 

1,004 

0,5458 , 

1,298 2,521 

e-Z(aF-Am) ......................... 1,000 1,005 1,015 

- 0,015 0 
+ 

0 

- 0,005 
- 
- 0,0025 - 0,0075 

0,0053 0,0056 0,0036 a0 ................................ 
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26 

15 

10 

5 

I 

20 40 60 80 100 120 140 160 Wmisec 

Figure 22 

---, Experimental curves. 

D. It remains t o  be shown t h a t ,  a t  s l i g h t  incidence and under the /74 
same experimental conditions,  the  researchers were not  able t o  note zero 
values of av ( f i g .  22). 

For t h i s ,  we apply the same formula (25) f o r  i = -11' with the same coef- 
f i c i e n t  of adjustment of 1/6. 
of a curve av(W) c h a r a c t e r i s t i c  of a difference of t i m e  p r a c t i c a l l y  zero be- 

tween t h e  i n s t a n t  of re lease  and the  i n s t a n t  of measure. 
t h i s  curve with the  experimental curves determined f o r  incidences of lO.7O and 
13 .p is  obvious. 
of a ,  w e  can i n i t i a l l y  determine t h e  value of W which cancels the expression of 
av given by formula (34) if we have 

Table 9 then furnishes  the  elements of t h e  t r a c e  

The s i m i l a r i t y  of 

To take i n t o  account the delay of 5 sec i n  the  measurement 

' % a t  = 2oo* 

Equation (35) 
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. 

2 3 

0,1607 0,1074 . 

0,1599 0,1072 

0,9903 0,9781 

. 

4 6.5 

0,0803 0,0493 

0,0803 0,0493 

0,9606 0,8990 

T B L E  9 .  EVOLUTION OF IF W VARIES AND TRE INCIDENCE IS  - 1 l O .  

4 

0,02972 

0,004953 

- 
- J I + m = - - = 5 5 1 0 ;  m = i +  ':=-I1 + 4 5 = 3 4 0 ;  + = - i + e / = 1 7 0  . 4 

d/2- cos (J I -m) = 1.414 * 0.6293 = 0.88'38: 0.5 + cosa ( i  + f )  = 1.1872 

/cos1 (4 - m) + cos8 m - 0.5 sina'+ = 1,019; 
0.06807 * COS' I + - 0.06807 * 0.6872 = 0.04678 

31 , ?e=-  1.019 w., Wzll 6 

(.  2 
0.8898 * 0.3682 0.3214 . 

-.__ = -- . 0 -  

-9  16 42,25 

0,04564 0,06211 0,10839 

0,007607 0,01035 0,01806 

o.............................. 

Sin 0 .......................... 
. .  

1 -,1,187 0,002 W:, . . . , , . . . . . . . 
w:, . . . . . . . . . . . . . :. . . I . . . . . . . . 
A m  

~ ............................. 
Am ........................... 

- 

- . . . . . 

or, i n  t h e  case inves t iga ted  e a r l i e r  

- 1  
~Z00.0.01876 = 0q1536a 

becomes, by l i n e a r i z i n g  t h e  v a r i a t i o n  of % given 

of t h e  p a i r  (Wx = 4, = O.OlO37) and by tak ing  

i n  table  

n to  cons 

9 on the  b a s i s  

de ra t ion  formulas 

- 1  
m.--&--wz,  0.01035 1.176 

e 

/75 

o r  
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TABLE 10. EVOLUTION OF av WHEN W VARIES,  INCIDENCE I S  -11' AND 

DELAY I N  MEASURING av IS 5 S E C .  

3 4 

~ ~~~~~ 

3,528 wz, ........................ 10,584 
--- 

1,02449 

22,932 
-__- 

1,36040 

14,i 12 
._ 

1,14053 log 1 3,528 . Wze .................. 

0,O 8 7 9 9 0,09873 0,11690 

1,229 1,229 C d ' l $ l  co-s-oT .......................... 1,220 

Ilm 
I I O  
- ............................... 0,1082 0,1214 

2,0700 

0,1437 

3,612 1,5214 200Am ............................ 

e200*m (1 + Am) .................... 4,614 37,86 8,004 

0,8502 5,296 0,3910 

1,1528 Num. 1 e - - z ( a r ~ m )  I ................. 29,05 1,7228 

0,3870 . @ 1 eZOO*m - 1 I ................... 
I l O  

0,8406 

1,7066 

5,200 

28,04 1,1497 
-~ 

1,0094 1,036 1,002 e--Z(a-Am) ......................... 

2(04,-A~m) ........................ - 0,002 
~~ 

- 0,0354 

- 0,01770 
.- 0,0094 

- 0,0047 *--Am .......................... 
~ ~- 

- 0,001 
- 

0,0066 0,00565 0,00036 a0 ................................. 



10,584 14,112 
-. - 

1,02449 

0,08799 

- 

1,220 
-- 

0,1082 

0,7607 

1,14953 

0,09873 

1,229 

0,1214 

1,035 

0,1252 

1,016 

0,2237 

1,050 

1,015 

1,001 

1,048 

1,002 

- 0,001 - 0,002 

- 0,0005 

0,0071 

- 0,001 

0,0093 

TAEXE 11. 

DELAY IN M?3ASURING av IS 2.5 SEC. 

EVOLUTION OF aV WHEN W VARIES, INCIDENCE IS -11' AND 

3,528 ......................... 22,932 

log ] 3,528 . Wco ................... 1,36040 

0.1 1690 

1,229 

0,1437 

1,806 

- Elm 

El0 
............................... 

100 Am ............................. 

e100Am (1 + Am) .................... 2,157 1 2,843 6,196 

0,7466 

1,557 

0,2203 I 0,1233 
. .  

.Lk 1 elOOAm-1 I .................... 
Y O  

Den. ] e - 2 ( K l r A m )  I .................. 

e-zh-Am) ......................... 

2(ob-Am) ........................ 

0,7309 

1,534 

1,015 

- 0,0149 

- 0,00745 

' 0,01141 

@ - A m  ........................... 

................................ 



This equation consequently admits a root  i n  W between 7.3 and 7.4 and . X 

thus confirms the r e s u l t  announced i n  A. 
have been necessary t o  r a i se  the velocity of the wind tunnel up t o  150 m/sec 
t o  be able t o  observe zero values of aV 

ment. Moreover, when we use 

A t  an incidence of 1l0, it would 

5 sec a f t e r  the s t a r t  of the experi- 

NpSt = 200, 

tab le  10  derived from application of formula (34) on the basis  of tab le  9 
makes it possible t o  p lo t  a new curve ( f ig .  22) which indicates  an apparent /78 
residual  damping of 6 o/oo a t  85 m/sec 
s t a r t  of the experiment. 

and an incidence of 1l0 5' a f t e r  the 

Table 11 shows the elements of the t race  of a curve 01 (W) f o r  an incidence 
V 

of 11' and the observations are made only 2.5 sec a f t e r  the s t a r t  of the experi- 
ment and a t  the veloci ty  of 85 m/sec and thus shows t h a t  the coef f ic ien t  a 
t inues t o  increase with W under these conditions. 

con- 
V 

6.5 Localization of Detachment 

From the observations made a t  Chalais-Meudon a t  the veloci ty  of 85 m/sec 
and reported i n  Recherche Ae'ronautique N o .  71 ( f i g .  6, p.  61), it i s  possible 
t o  confirm the hypotheses made for developing formula 115) by loca l iz ing  the 
detachments which t h i s  formula i s  intended t o  take i n t o  account numerically. 

In  order t o  follow the experimental evolution of dp(Re), we can u t i l i z e  

f igure  23 which graphically represents the l a s t  l i n e  of table  5. Behavior dur- 
ing expansion without detachment from the extrados as  shown i n  f igure 18 cor- 
responds t o  an effect ive value of m - * greater  than 45O, t h a t  i s  

(m - +)/ = 450 + 60 = 510. 

By designating the difference by e as i n  formula (15') P 

we obtain a function of i (or  $) represented by f igure 23 from which we can 
deduce d ( R e ) .  Actually, the '  difference between the pseudo-amplitude of the P 



Figure 23 

o s c i l l a t i o n  of the f l u i d  and the pseudo-amplitude of the osc i l l a t ion  of the 

blade represented by * Q .  I (5( I i s  given by formula (15') 

ad ep  = GI I 4 I a, (Re) 

whereas i n  the in t e rva l  (-15' -10') and from f igure 23, we can u t i l i z e  

from which 

and f i n a l l y  from formulas (33) ,and (37) 

._ - 5.5 
ad - 0.08593 * log 13.528 4.25 1, 

lo*/(;) cd 

- - 0.5. ad 0.8593 2.93 1.176 tC> = 5.5 

We see t h a t  the localized detachment responsible, i n  the case of vibrations 
a t  frequencies close t o  the na tura l  frequency, f o r  cancelling out aerodynamic 
damping takes  place a t  a distance f rom the p ro f i l e  t i p  which i s  of the same 
order of magnitude as the i n i t i a l  amplitude at  mid-height of the blade. 
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We now understand t h a t  t he  inves t iga tors :  

( a )  
I 
~ 

I detached zone of laminar regime followed by a tu rbu len t  zone slowly moving 

* 

recognized on the one hand the ex is tence  on the  extrados "of a 

back toward t h e  t r a i l i n g  edge when t h e  incidence increases ,  and subsequently 
a detachment near t he  t r a i l i n g  edge by reason of the  i n s u f f i c i e n t l y  progres- 
s ive  t i p  of t he  p r o f i l e ; "  

I (b)  and considered on the  o ther  hand as va l id  the  hypothesis of s t eady  
flow around t h e  v ib ra t ing  vanes: t h e  o s c i l l a t i o n  of the  detached zone, e i t h e r  
on one of the  f a c e s  of the  p r o f i l e  or, a t  high ,incidence, on both s i d e s  of the  
t i p ,  i s  loca l i zed  along a band l e s s  than 1 mm wide which makes it impercepti- 
ble; i t s  exc i t i ng  e f f e c t  i s  nevertheless s u f f i c i e n t  t o  i n d e f i n i t e l y  maintain 
the  v ib ra t ions  of the blading a t  a very low l e v e l .  
s i b l e  t o  exp la in  the  "self-excited" v ibra t ions  described i n  reference 1 by 
t h e  same process. 

It should moreover be pos- 

6.6 Phase S h i f t  Between Blades and Influence of Rela t ive  P i t c h  

Since the  number of vanes f o r  the c a l c u l a t i o n  s t e p  i s  12, t he  formulation 
of equations (19) i n  Chapter 4 (Sect. 4) assumes a m i Q i m u m  phase s h i f t  of 

o r  a multiple of t h i s  minimum phase s h i f t .  
no t  d i sagree  wi th  these  considerations.  

The experimental value of 60° does 

F a i l u r e  t o  develop a bending f l u t t e r  w i th  the  r e l a t i v e  p i t c h  1.17 and /80 
2.35, mu l t ip l e s  of t he  p i t c h  0.387 introduced i n  the  ca l cu la t ion  of 

developed previously,  would seem unexplainable on the  o the r  hand if  it were not 
replaced, a t  high incidence, by a to r s iona l  f l u t t e r .  We should remember i n  
explana t ion  of t h i s  phenomenon t h a t  

( a )  t he  aerodynamic fo rce  F given by formula ( l 3 A )  i s  propor t iona l  t o  the  Y 
r e l a t i v e  p i t c h ,  s ince  t h e  c i r c u l a t i o n  y i s  i tself  propor t iona l  t o  T, t h e  quo- 

t i e n t  4 i tsel f  being independent of  7; 
T 

(b) the  aerodynamic fo rce  i s  applied a t  t he  poin t  determined by the  form 
of the  p r o f i l e  and not  exc lus ive ly  by the  ve loc i ty  diagram, 

It i s  therefore  probable t h a t ,  by increas ing  t h e  load  of t he  blade wi th  
the  r e l a t i v e  p i t c h ,  we increase  t h e  to r s iona l  moment t o  the  po in t  of con- 
ve r t ing  i n s t a b i l i t y  due t o  bending f l u t t e r  i n t o  an i n s t a b i l i t y  due t o  t o r s i o n a l  

*i 
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1 
f l u t t e r ,  The o r i g i n  of t h e  t o r s i o n a l  i n s t a b i l i t y  would be the same and could 
be spec i f ied  by formulas analogous t o  those previously deduced, e .g . ,  by the  
app l i ca t ion  of t h e  second Blas ius  formula. . 

6.7 Real Frequency-of Vibration 

F ina l ly ,  t he  sharp d i v i s i o n  between the  bending modes (frequency of 40 
cps) and the  t o r s i o n a l  mode (frequency of  663 cps) s t r e s s e s  the  i n t e r e s t  of 
i nves t iga t ions  on the  damping of v ibra t ions  i n  pure f l exure .  The f a c t  t h a t  
t h e  v ib ra to ry  frequency measured was very c lose  t o  t h e  n a t u r a l  frequency agrees  
with t h e  preceding results, s p e c i f i c a l l y  those o f  Sec t ion  1 of Chapter 5'. 
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